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Introduction.  

We study a c l a s s  of cubic dynamical  s y s t e m s  on a n - s i m p l e x .  They a r i s e  in 
biology at  both ends of the evolut ionary sca le ,  in models  of animal  behaviour  and 
molecu la r  k ine t ics .  The game theore t ica l  a spec t s  a lso  sugges t  poss ib le  appl icat ions in 
the social  s c i e n c e s .  

Game theory was introduced into the study of animal  behaviour  by Maynard Smith 
and Pr ice  [6, 7, 8] in o r d e r  to explain the evolution of r i tua l i sed  confl ic ts  within a spec ies ,  
as  fo r  example  when individuals compete  for  ma tes  o r  t e r r i t o r y .  They defined the notion 
of an evolut ionari ly  s table  s t r a t egy  (ESS) in'.a non -ze r o  sum game.  Each individual can 
play one of n+l s t r a t eg i e s ,  and d i f ferent  points of the n - s i m p l e x  A r e p r e s e n t s  populations 
with d i f ferent  p ropor t ions  playing the var ious  s t r a t e g i e s .  The pay-of f  r e p r e s e n t s  f i tness ,  
o r  reproduc t ive  s u c c e s s ,  and an ESS is a point of /~ r e p r e s e n t i n g  a population r e s i s t a n t  
to mutation, because  mutants  a r e  l e s s  fi~:. 

However,  an ESS is a s ta t ic  concept ,  and so, following Taylor  and Jonker [14~, 
we introduce a dynamic into the game by a s suming  the hypothes is  that  the growth ra te  of 
those  playing each s t r a t egy  is propor t ional  to the advantage of that s t r a t egy .  This  gives 
a flow on A whose flow l ines  r e p r e s e n t  the evolution of the population. In Section i we 
ver i fy  that if the re  is an ESS then it is  an a t t r ac to r  of the flow, the reby  sha rpen ing  a 
r e su l t  of [14; s ee  also 4] .  The conve r se  is not t rue  : an a t t r a c t o r  may not n e c e s s a r i l y  
be an ESS because  locally the flow may sp i ra l  in el l ipt ical ly  towards  the a t t r a c t o r  (an 
eventuali ty that  is not always covered  by the notion of ESS due to the l inear i ty  of its 
definit ion).  We show the re  is a l so  a global d i f fe rence  between an ESS and an a t t r a c t o r  : 
if an ESS l ies  in the i n t e r io r  of /X then it must  have the whole i n t e r i o r  as its basin  of 
a t t rac t ion  and so the re  cannot be any o ther  a t t r ac to r ,  whe reas  if an a t t r ac to r  l ies  in the 
i n t e r io r  of Z~ then its basin  can be s m a l l e r ,  and the game may admit  o ther  compet ing 
a t t r a c t o r s  on the boundary.  This  is i l lus t ra ted  in Example  1, which gives a flow on a 
2 - s imp lex  with a non-ESS a t t r a c t o r  in the in te r io r  and an ESS a t t r a c t o r  at a ver tex,  
dividing L into two bas ins  of a t t rac t ion .  

Meanwhile at  the o ther  end of the evolut ionary sca le  s tudies  by Eigen and 
Schus te r  [1]  of the evolution of mac romolecu l e s  before  the advent of l ife have led to 
exact ly the s a m e  types  of equation. The resu l t ing  dynamics  have been s tudied by 
Schuster ,  Sigmund, Wolff and Hoflmuer [11, 12]. Here  we a r e  given n+l chemica l s ,  and 
d i f ferent  points  in ZX r e p r e s e n t  mix tu res  of them in d i f fe ren t  p ropor t ions .  The dynamic 
r e p r e s e n t s  t he i r  enzymat ic  act ion upon each other ,  and an a t t r a c t o r  r e p r e s e n t s  a mix ture  
that  r ema ins  s table  because  of mutual cooperat ion.  F o r  ins tance  the example  ment ioned 
above would r e p r e s e n t  a mixture  of t h ree  chemica l s ,  and if they happen to be added to the 
mix ture  in the r ight  o rde r ,  so that initial  condit ions fall into the bas in  of the i n t e r io r  

a t t r a c t o r ,  then the mix ture  will develop into a s table  coopera t ive  mix ture  of all  t h r ee  
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c h e m i c a l s ;  but  if they  a r e  added in the wrong  o rde r ,  so that  the ini t ial  condi t ions  fall  into 
the o the r  bas in ,  then only one of the  c h e m i c a l s  will s u r v i v e  and the o the r  two will be 
excluded.  S c h u s t e r  and Sigmund have  a l so  appl ied the d y n a m i c s  to a n ima l  behav iou r  in the 
bat t le  of the  s e x e s  [1 3 ] .  

One of the ma in  benef i t s  of the dynamic  app roach  is  tha t  it a l lows the  notion of 
s t r u c t u r a l  s tab i l i ty  E9, 10, 15] to be in t roduced  into g a m e  theo ry  : a g a m e  is  s t ab le  if 
su f f ic ien t ly  s m a l l  p e r t u r b a t i o n s  of i t s  pay-of f  m a t r i x  induce topological ly  equiva lent  f lows.  
A p r o p e r t y  is  ca l led  robus t  if it p e r s i s t s  under  p e r t u r b a t i o n s .  In Section 2 we s tudy  the 
fixed poin ts ,  s i n ce  they s e e m  to be the  m o s t  i m p o r t a n t  f ea tu re  d e t e r m i n i n g  the  n a t u r e  of 
the  f lows.  F o r  example  a s tab le  g a m e  can  have  at  m o s t  one f ixed point  in the i n t e r i o r  of 
each  face  of /~. We show that  an  i so la ted  fixed point  is  robus t ,  and give a suf f ic ien t  
condit ion fo r  t h e r e  to be robus t ly  no f ixed points  (and hence  no per iod ic  o rb i t s )  in the 
i n t e r i o r  of A. T h e s e  c o n s t r a i n t s  l imi t  the type of b i fu rca t ions  that  can  o c c u r  in 
p a r a m e t r i s e d  g a m e s  : for  i n s t ance  e l e m e n t a r y  c a t a s t r o p h e s  El5]  cannot  occu r ,  but we give 
e x a m p l e s  to show that  exchanges  of s t ab i l i ty  can o c c u r  if an i n t e r i o r  fixed point r u n s  into 
a n o t h e r  one on the boundary ,  and tha t  Hopf b i fu rca t ions  k5] a r e  a l so  p o s s i b l e .  

In Sect ion 3 we begin  to tack le  the c l a s s i f i c a t i o n  p rob l e m,  up to topological  
equ iva lence .  We co n j ec tu r e  that  s t ab l e  c l a s s e s  a r e  dense ,  and f ini te  in n u m b e r  for  each  n.  
T h e s e  c o n j e c t u r e s  a r e  p laus ib le  b e c a u s e  a g a m e  is  d e t e r m i n e d  by i ts  pay -o f f  m a t r i x ,  and 
t h e r e f o r e  the  space  of g a m e s  on an n - s i m p l e x  is the s a m e  a s  the  gpace  of r ea l  (n+l)X(n+l) 
m a t r i c e s .  F o r  n = 1 it is  e a s y  to ve r i fy  the con j ec tu r e s ,  and show the r e  a r e  only 2 
s t ab l e  c l a s s e s  (up to flow r e v e r s a l ) .  F o r  n = 2 we con jec tu re  f u r t he r ,  that  a s t ab le  g a m e  
is  d e t e r m i n e d  by i ts  fixed points ,  and that  t he r e  a r e  t h e r e f o r e  19 s t ab le  c l a s s e s  (up to 
flow r e v e r s a l )  a s  i l l u s t r a t e d  in F i g u r e  11. Th i s  con j e c tu r e  is  s u r p r i s i n g  b e c a u s e  it 
imp l i e s  that  for  n = 2 t h e r e  a r e  no per iod ic  o rb i t s  in s t ab le  g a m e s ,  and t h e r e f o r e  no 
gene r i c  Hopf b i fu r ca t i o ns .  In fact  a t  the end of the  pa pe r  we p rove  tha t  all  Hopf b i fu rca t ions  
on a 2 - s i m p l e x  a r e  d e g e n e r a t e  ( the reby  c o r r e c t i n g  a m i s t a k e  in [14]) ,  and the  p roof  involves  
going s o m e  way towards  p rov ing  the l a s t  con jec tu re .  On the o the r  hand suc h  a c on j e c tu r e  
would be f a l s e  in h i g h e r  d i m e n s i o n s ,  b e c a u s e  when n > 3 ge ne r i c  Hopf b i fu rca t i ons  do 
occu r ,  a s  is shown by Example  6, which is  an  e legant  example  due to S igmund and h i s  
c o w o r k e r s  [ 1 1 ] .  In h ighe r  d i m e n s i o n s  the n u m b e r  of  s t ab le  c l a s s e s  p r o l i f e r a t e s ,  but 
th is  i s  p r i m a r i l y  due to the combina to r i a l  p o s s i b i l i t i e s  of what  can  happen on the boundary  
of A, and if the  flow is  g iven  on the boundary  t h e r e  s e e m  to be r e l a t i ve ly  few s t ab l e  
ex t ens ion s  to the i n t e r i o r .  F o r  example  if t he r e  a r e  no f ixed points  in the i n t e r i o r  we 
con j ec tu r e  the ex tens ion  is  unique and gTadien t - l ike  on the i n t e r i o r .  If t he r e  i s  a f ixed 
point  then per iod ic  o rb i t s  m a y  a l so  appea r ,  but  I do not  know if s t r a n g e  a t t r a c t o r s  can  
OCCUr. 

In app l ica t ions  w h e r e  p e r t u r b a t i o n s  a r e  mean ingfu l  it is  be s t  to u se  s t ab le  mode l s  
s i nce  they have  ro b u s t  p r o p e r t i e s .  In a n o t h e r  pape r  E16] we a n a l y s e  the o r ig ina l  g a m e  of 
Maynard  Smi th  [-6, 8] about  a n i m a l  conf l ic t s ,  which g ives  a flow on a t e t r a h e d r o n  s i n c e  
t h e r e  a r e  4 s t r a t e g i e s  involved.  The  r e t a l i a t o r  is  the  be s t  s t r a t e g y ,  but it t u r n s  out to 
be only a weak a t t r a c t o r  b e c a u s e  the  g a m e  is  uns t ab l e .  When the g a m e  is  s t a b i l i s e d  it 
b e c o m e s  a p r o p e r  a t t r a c t o r ,  but a t  the s a m e  t i m e  a n o t h e r  compe t ing  a t t r a c t o r  a p p e a r s ,  
s u r p r i s i n g l y ,  which is  a m i x t u r e  of  hawks  and bul l ies ,  and which  ha s  biological  imp l i ca t ions  
fo r  the evolut ion of peck ing  o r d e r s .  
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Section i .  ESS's  and a t t r a c t o r s .  

Suppose compet ing individuals in a population can play one of n+l s t r a t eg i e s ,  

label led i = 0,1 . . . . .  n. Let  x. denote  the propor t ion  of the population playkng s t r a t egy  i. 
1 

x  onx ,x0xi whoro doootOS, n 
the n=simplex in ~ e by ~,x i i Xn 

Let  ~ denote the i n t e r i o r  of A given by x i > O, 

and ~4 i ts  boundary.  Let  Xo, X 1 . . . . .  X n denote X 1 
x I 

the v e r t i c e s  of 4. We shal l  use x to denote  

ambiguously  the population, the point in 4, the Figu&e 7. 

row mat r ix ,  and i ts  t r a n s p o s e d  column ma t r i x ,  x 0 

The game is d e t e r m i n e d  by the pay-o f f  ma t r i x  A = (aij), which is  a rea l  (n+l)x(n+l) 

ma t r ix .  Pay-off  means  expected gain, and if an individual plays  s t r a t egy  i aga ins t  ano ther  

individual playing s t r a t egy  j, then the pay-of f  to i is defined to be a . . ,  while the pay-of f  
t] 

to j is  a . . .  This  is a n o n - z e r o  sum game,  and t h e r e f o r e  A is not n e c e s s a r i l y  skew-  
ll 

s y m m e t r i c .  If the population x is l a rge  the probabi l i ty  of an opponent playing j is xj, 

and t h e r e f o r e  

pay-of f  to i agains t  x = ~ a i j x  j = (Ax) i , 

pay-of f  to x aga ins t  x = .~xi(Ax) i = xAx . 
1 

If two populations x, y play aga ins t  each o the r  

pay-of f  to x aga ins t  y = xAy. 

In te rp re ta t ion  of the pay-off .  T h e r e  a r e  t h ree  impl ic i t  a s sumpt ions  : (i) Each 
individual plays  a fixed pure  s t r a t egy .  If individuals w e r e  al lowed to play mixed 
s t r a t e g i e s  then we should have to r e p r e s e n t  the population by a d is t r ibut ion  on A r a t h e r  
than a point  of 4, and this leads  to m o r e  compl ica ted ,  but re la ted ,  dynamics  [ s e e  2, 16]. 
However,  in this  p a p e r  we keep to pu re  s t r a t e g i e s .  (ii) Individuals b r e e d  t rue,  in o the r  
words  if an individual plays s t r a t egy  i so do his of fspr ing .  Of c o u r s e  this  avoids the quest ion 
of sex,  but in appl icat ions  to s e x - r e l a t e d  s t r a t e g i e s ,  one can a s s u m e  that  the r e l a t ed  sex  
b r e e d s  t rue .  (iii) Pay-off  is r e l a t ed  to reproduc t ive  f i tness ,  in o the r  words  the m o r e  
pay-of f  the m o r e  of fspr ing .  In o the r  appl icat ions  the pay-of f  can r e p r e s e n t  r e w a r d s ,  
leading to sociological  adaptat ion r a t h e r  than biological  evolution. 

Definit ion of evolut ionar i ly  s tab le  s t r a t e g y  (ESS). Given e E 4, call  e an ESS of 

A if, Vx E 4 - e, 

e i t he r  xAe < eAe 

o r  xAe = eAe and xAx < eAx. 

In o the r  words  a mutant  x s t r a in  will  be l e s s  f i t  than e because  it e i t he r  l o se s  out  aga ins t  

e, o r  aga ins t  i t se l f .  It will  be convenient  to wr i t e  

f x  = eAe - xAe,  Ex = eAx - x_A_x , 

so that  the cond i t ion  becomes f x  > 0 o r  tx  = 0 and Ex > 0. 

De f i n i t i on  o f  the dynamic .  The ma in  hypothes is  is  that  the g-fowth ra te  o f  those 

p l ay i ng  each s t r a t e g y  is p r o p o r t i o n a l  to the advantage o f  that  s t r a t egy .  By su i tab le  cho ice 
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of t ime sca le  we can make the fac tor  of porpor t iona l i ty  equal to 1. 

' growth ra te  of x. = (pay-off  to i) - (pay-off  to x) 
1 

x. 
1 • m = ( A x )  - x A x  

x. i 
1 

Maynard Smith sugges ts  that if  might  be s o m e t i m e s  biological ly m o r e  appropr ia te  to divide 
the r igh t -hand  s ide  by xAx. This would change the length but not the d i rec t ion  of the 
vec to r  field, and so would not a l t e r  the phase  po r t r a i t .  The above dynamic does have 
the mathemat ica l  advantage of being polynomial ,  indeed cubic.  The dynamic is  defined 
on A n, but we a r e  only i n t e r e s t ed  in ~. 

L e m m a  1. 4 and i ts  faces  a r e  invar iant .  

Proof.  The n-p lane  containing 4 given by ~x. = 1 is invar iant  because  
i 

(Zxi)* = 2~ i = xAx - (2xi)x_Ax = 0 t 

Similar ly ,  given any q -d imens iona l  face 1 ~ then the q -p lane  containing 1 ~ is invar iant .  Hence 

4 and its faces  a r e  invar iant .  

Induced flow. Let  ~A denote the induced flow on 4. Examples  of such flows on a 

2 - s imp lex  can be seen  in F igure  I I  below. The r e v e r s e  flow is given by r e v e r s i n g  the 

sign, -¢~A = ~-A" If 1 ~ i s  a face of 4 we wr i te  r <  4, and we shal l  use the symbol  I ~ to  

denote ambiguously both the subse t  of 4 and the subse t  of [0,1 . . . . .  n} co r r e spond ing  to 

the ve r t i ce s ;  thus i E I ~ is an abbrevia t ion  for  X.I E I ~. If A I ~  = [a i j ; i , j  E I~  denotes  

the co r r e spond ing  submat r ix ,  then the induced flow on 1 ~ s a t i s f i e s  ~0A[ I" = ¢#A]r " 

A t t r a c t o r s .  F o r  the most  pa r t  we shal l  only need to cons ide r  point  a t t r a c t o r s .  
Recal l  the definit ion : a point is an a t t r a c t o r  of the flow if it is  the w- l imi t  of a 
neighbourhood,  and the a - l i m i t  of only i t se l f .  Its bas in  of a t t rac t ion  is  the (open) se t  of 
points  of which it is the co-limit.  It is  hyperbol ic  if i ts  e igenvalues  have negat ive rea l  
pa r t .  

T h e o r e m  1. An ESS is an a t t r ac to r ,  but not conver se ly .  This  r e su l t  was f i r s t  
proved in [14]  under the ex t ra  hypothes is  that the ESS was r e g u l a r ,  and giving the ext ra  
conclusion that  the a t t r a c t o r  was hyperbol ic .  Another  proof  is given in [ 4 ] .  The 
Theo rem shows that  f r o m  the point of view of smooth  dynamics  an a t t r a c t o r  is  a m o r e  
genera l  notion than an ESS, and be t t e r  c h a r a c t e r i s a t i o n  of the r e s i s t a n c e  to mutat ion.  
T h e o r e m  2 and Example 1 below show that t he re  a r e  also global d i f f e rences  between them.  

Proof  of Theorem 1. Suppose we a r e  given an ESS e of A. We shal l  show that 

V = ~ x i e '  1 

is a Lyapunov function fo r  ~A" In o the r  words  we shal l  p rove  the re  is a ne ighl~urhood 

N of e such that  

(1) VV.(e-x)  > 0 ~ Vx E N - e 

(2) ~ > 0 J 
By (1) V i n c r e a s e s  radia l ly  towards e, and so e is the max imum and the re  a r e  no s ta t ionary  

points of V in N-e .  By (2) all  o rb i t s  ins ide  a level  curve  of V tend to e, and so e is  

an a t t r ac to r ,  as  r equ i red .  The proof  of the two condit ions is  divided into two c a s e s ,  

accord ing  as  to whe the r  e l ies  in the i n t e r i o r  o r  boundary of 4. 
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P r o o f  o f  (1) w h e n  e E A. 
e .  

v .  _- 3__ v = v _ _  ~ 
I ~x  i x i 

e.~ (e i -xi)~ 
,', vV.(e-x) = ~.Vi(ei-xi) = V~-" (ei-xi) = V~ x. ' 

1 1 
s i n c e  x ~ e . 

P r o o f  o f  /2~ w h e n  e E A. R e c a l l  t h a t  

L e t  N = ~.  If x E /~ - e t h e n  V > 0 a n d  

s i n c e  ,Se. = ~x .  = 1. ' v V . ( e - x )  > O, 
1 1 

ix  = e A e  - x A e ,  gx  = e A x  - x A x  . 

G i v e n  x E /~ - e ,  a n d  t E l~, l e t  x t = t x +  ( 1 - t ) e .  T h e n  x t E A f o r  It] s u f f i c i e n t l y  s m a l l ,  

s i n c e  e E ~ . 

• f(x t) m 0, s i n c e  e a n  ESS.  But f(x t) = t ix .  

• ~ ~ 0 f o r  It I s u f f i c i e n t l y  s m a l l .  • ix  = 0.  

• g x  > 0 s i n c e  e a n  ESS.  
e .  

, ~ = ~Vi~ i t = V~'~. xi((Ax)i - xAx) = Vgx > 0. 
l 

This completes the proof of Theorem I for the case e E A. 

Notice that in this case, since N = ~, the basin of attraction of e contains /~. But the 

basin c~, because ~A is invariant. ' the basin = /~. 

Proof of ~I} when e E hA. Suppose e E ~, r <  A. 

L e t  N 1 = 1 ~ U A, 

G =~A - ~= A - N i. 

A ~  

If x ~ N 1 - e then x. ~ 0, i 6 r. A 
i 

e. 

' V i =  O, i ~ r  e F 

e. (e i -x i )2  
,', v V . ( e - x )  = I~ V -2-1 V2~ - -  + V(1-1~ x . )  > 0, b e c a u s e  t h e  f i r s t  t e r m  > 0 a n d  

iE 1" xi  ( e i - x i )  = i ~ r  x.  i ~ r  1 1 
t h e  s e c o n d  t e r m  ~ 0. (Note  t h a t  t h e  p r o o f  g i v e n  in  [ 4 ]  f o r  t h i s  s t e p  d o e s  no t  w o r k ,  and  

t h e  p r o o f  g i v e n  f o r  t h e  n e x t  s t e p  i s  i n c o m p l e t e ) ,  e. 

Proof of (2) when e 6 ~A. If x E N I then {z =i~yV'~i - xAx) = Vgx, since 

e i = 0, i ~ 1 ~. Therefore we have to find a neighbourhood N of e in N 1 such that g is 

positive on N - e, but the problem this time is that f may not vanish on N. Let 

O 0 = O F] f-10. (Notice G O D br). Then g > 0 on G O by the ESS condition. ' g > 0 on 

an open neighbourhood G 1 of G O in G. Let G 2 = G - G I. Then G 2 closed in G, and 

therefore compact. Since f > 0 on G 2, the function ~ is defined and continuous on G 2 , 
2. 

t h e r e f o r e  b o u n d e d  s i n c e  G 2 c o m p a c t .  C h o o s e  ~, 0 < ¢ < ½ s u c h  t ha t  I I < ~ ' s  on G 2. 

.', ~ Ir~l  < f ix ,  v x  ~ 0 2.  L e t  N b e  t h e  n e i g h b o u r h o o d  of  e in  N 1 g i v e n  by  

N = Ix  t = t x +  (1 - t ) e ;  x E G, 0 ~ t < g} . 

and 
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Now 

g(x t) -- t2gx + t(1-t)fx.  

If 0 < t < ~ and x E G l then on the r igh t -hand s ide  the f i r s t  t e r m  >0 and the second 

t e r m  ~0. On the o the r  band if  x E G 2 then the second t e r m  >0, and the f i r s t  t e r m  is 

s m a l l e r ,  because  

I tgxl  < e Igx] < l fx ,  by above, < (1-t)fx, s ince  t < ~ < ½. 

T h e r e f o r e  in both c a s e s  g > 0. This  comple te s  the proof  of T h e o r e m  1 fo r  the ca se  

e E hA. Final ly  the negat ive conve r se ,  that  an a t t r a c t o r  is not n e c e s s a r i l y  an ESS, is  

e s t ab l i shed  by Example  1 below. A s i m i l a r  counte rexample  is given in [14] ,  but ours  

has the ex t ra  subtlety of i l lus t ra t ing  a global d i f fe rence  between the bas ins  of a t t rac t ion  

of an ESS and an a t t r ac to r ,  as  indicated by the following t h eo rem.  

T h e o r e m  2. If an ESS l ies  in ~ then i ts  bas in  of a t t rac t ion  is  ~, and t h e r e  a r e  no 

o the r  a t t r a c t o r s .  If an a t t r a c t o r  l ies  in /~ then its bas in  may be s m a l l e r  than ~, and t h e r e  

may be o the r  a t t r a c t o r s  in b~ (but not in ~). 

Proof.  We have a l r eady  shown in the proof  of T h e o r e m  1 that  an ESS in ~ has bas in  ~; 

t he r e fo re  t h e r e  cannot be ano ther  a t t r a c t o r  in ~ o the rwise  its bas in  would have to be a 

non-empty  open se t  in A dis jo int  f rom ~, which is imposs ib le  s ince  ~ is dense  in 4. The 

second half  of T h e o r e m  2 is  e s t ab l i shed  by Example  I below, which i l l u s t r a t e s  an 

a t t r a c t o r  in /~ with ano the r  in hA, and hence the bas in  of the f o r m e r  mus t  be s m a l l e r  

than /~. T h e r e  cannot be another  a t t r a c t o r  in ~, o the rwise  by L e m m a  2 below the l ine 

joining the two a t t r a c t o r s  would be pointwise fixed, so ne i the r  would be an a t t r a c t o r ,  

L e m m a  2. If t he re  a r e  two fixed points in ~ then the l ine joinin~ them is 

pointwise fixed.  

Proof .  Given x E ~, ~ = 0-~ ~-(Ax) i = xAx, Vi 

(Ax) i independent  of i, s ince  ~x. = 1 . 1 

Given e , x  fixed in ~, and t E ~ ,  then x is  a lso  fixed s ince  
t 

(Axt) i = (A0x+(1-t)e)) i = t(Ax)i + (1-t)(Ae) i 

is  independent  of i .  This  comple tes  the proof  of L e m m a  . 

Example  i .  Non__.LESS a t t r a c t o r .  
Fig~e 3. 

° 51 
\ -1  3 o /  

X 0 X 1 

1 1 (PA is a flow on the t r i ang le  XoX1X 2. T h e r e  is an a t t r a c t o r  at the b a r y c e n t r e  e = (~, ~, ½) 
4 

with eigenvalues  ½(-1~-k/2). However,  e is  not an ESS because  fX 0 = 0 but gX 0 = - ]  . On 

the o the r  hand X 0 is ano ther  a t t r a c t o r  which i s  an ESS. The o the r  fixed points  a r e  a 
4 1 5 3  

r e p e l l o r  at  X 1, and saddles  at  X 2 , Y = (~, 0 , [ )  and Z = ( 0 , [ , [ ) .  As visual  notation fo r  all  
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the  f igures  in this  pape r  we use  a sol id dot for  an a t t r a c t o r  and an open dot for  a 

r epe l to r ,  and we always put in the inse t s  and ou tse t s  of  the  sadd les ,  as  in F i g u r e  3. 

(Here inse t s  and outse ts  a r e  s h o r t  for  the usual m o r e  c u m b e r s o m e  t e r m s  " s t ab le  and 

unstable manifo lds") .  In the proof  of T h e o r e m  7 below we show that 
4 5 -10 

V = X0XlX 2 (-4x 0 - 5x 1 + 10x 2) 

is  a global Lyapunov function for  the f l o w  in ~. T h e r e f o r e  the inse t  7/ of Y flows away 

f r o m  the r e p e l l o r  X 1, and all o the r  o rb i t s  in }~-e flow away f rom X 1 and towards  one o r  

o the r  of the two a t t r a c t o r s ,  e and X 0. Hence ~/ s e p a r a t e s  /~ into the bas ins  of a t t r ac t ions  

of the two a t t r a c t o r s ,  as i l lus t ra ted  in F igure  3, where  the bas in  of X 0 is shown shaded.  

If a lso  follows f rom the proof  of T h e o r e m  7 that  th is  example  i s  in fact  s tab le .  This  

example  comple tes  the proof  of T h e o r e m s  1 and 2. 

F igu re  3 i l l u s t r a t e s  qual i tat ively why an a t t r a c t o r  need not be an ESS, and 

r evea l s  exact ly where  the notion of ESS fa i l s .  The local  r e a s o n  that  e is not an ESS is 

that the o rb i t s  sp i ra l  in somewhat  e l l ipt ical ly;  t h e r e f o r e  a mutant X 0 - s t r a i n  will  init ial ly 

have a s l ight  advantage ove r  e, but it will a lso  s t imula te  the growth of an X2- s t r a In  that  

will  soon wipe out that  advantage,  and which will  in turn  be wiped out by an X l - s t r a i n ,  and 

so on, as  the o rb i t  s p i r a l s  in towards  e .  Meanwhile the global r e a s o n  that  e is  not an 

ESS is that  i ts  bas in  is  not the whole of ~. 

In the applicat ion to chemica l  reac t ions ,  e r e p r e s e n t s  coopera t ive  behaviour ,  

while X 0 r e p r e s e n t s  exc lus ive  behaviour .  The fact  that  beth types  of behaviour  occu r  in 

the s a m e  example  shows that  one cannot divide all s tab le  s y s t e m s  into coopera t ive  o r  

exclusive,  as  might  be sugges ted  by the emphas i s  on this dichotomy in [11] .  
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Sect ion 2. Stabi l i ty ,  f ixed points  and b i fu rca t ions .  

Equ iva lence .  Le t  Mn+ 1 denote  the space  of g a m e s  with n+l  s t r a t e g i e s ,  which we 

ident ify wi th  the space  of r ea l  (n+l)x(n+l)  m a t r i c e s .  Define A, B 6 Mn+ 1 to be  equivalent ,  

w r i t t e n  A ~ B, if  t h e r e  ex i s t s  a f a c e - p r e s e r v i n g  h o m e o m o r p h i s m  of A onto i t se l f  th rowing  

¢@A-orbits onto ¢@B-orbits. Here  f a c e - p r e s e r v i n g  m e a n s  tha t  each  face is mapped onto 

a n o t h e r  face, not n e c e s s a r i l y  onto i t se l f .  

S tabi l i ty .  Call  A s t a b l e  i f  i t  has  a ne ighbourhood  of equ iva len ts  in Mn+ 1 • Note 

tha t  th is  i s  a f o r m  of s t r u c t u r a l  s tab i l i ty ,  wi th  the  p rov i so  tha t  we a r e  conf ining o u r s e l v e s  

to a spec i a l  type of  dynamica l  s y s t e m ,  and  to a r e s t r i c t e d  f o r m  of equ iva lence .  A s t a b l e  

c l a s s  is  an  equ iva lence  c l a s s  of s t ab l e s .  (Note tha t  each  s t ab le  c l a s s  is open in Mn+ I,  

but  may  have  s o m e  trustable equ iva len ts  on i ts  boundary ,  so the  full equ iva lence  c l a s s  may  

be  s l ight ly  l a r g e r  than the  s t ab le  c l a s s .  ) 

Con jec tu re  I .  S tables  a r e  d e n s e  in Mn+ 1 • 

Con jec tu re  2. F o r  each  n t h e r e  a r e  only a f ini te  n u m b e r  of s t ab l e  c l a s s e s .  

In o t h e r  words  we a r e  sugges t ing  that  th i s  is  a we l l - behaved  p iece  of m a t h e m a t i c s .  
Although the  dynamica l  s y s t e m s  involved a r e  n o n - l i n e a r  and p o s s e s s  s o m e  unexpected 
p r o p e r t i e s ,  n e v e r t h e l e s s  they a p p e a r  to be  qua l i t a t ive ly  f a i r l y  s imple ,  and t h e r e  a r e  so 
few of t h e m  tha t  i t  s e e m s  p laus ib le  to t r y  and c l a s s i fy  them,  a t  l e a s t  in the  lower  d i m e n s i o n s .  
When n = 1 i t  is  e a sy  to ve r i fy  the  c o n j e c t u r e s  a r e  t r u e  ( see  Sect ion 3 below).  When n = 2 
we go some  way towards  p rov ing  t h e m  (see  T h e o r e m s  6, 7). F o r  al l  n the l imi t a t ions  on 
the  pos s ib l e  conf igura t ions  of fixed points  impose  c o n s i d e r a b l e  c o n s t r a i n t s  on the  types of 
flows and b i fu rca t ions  tha t  can occur ,  and so we beg in  by examin ing  the fixed po in t s .  

T h e o r e m  3. A s t ab l e  flame has  a t  mos t  one fixed point  in the i n t e r i o r  of each  

face  of A ( including ~). 

Before  we p rove  T h e o r e m  3 c o n s i d e r  s o m e  e x a m p l e s .  In Example  1 above  t h e r e  a r e  6 
f ixed points ,  one in the  i n t e r i o r  of each  face except  the  edge X0X I .  F i g u r e  i i  below 
i l l u s t r a t e s  a l l  the  d i f fe ren t  pos s ib l e  conf igura t ions  of fixed poin ts  tha t  can  o c c u r  in s t ab l e  
g a m e s  on a 2 - s i m p l e x .  The  fol lowing example  shows tha t  for  any  n i t  i s  pos s ib l e  to have  
a s t ab l e  g a m e  with exact ly  one fixed point  ins ide  e v e r y  face .  If a game  is  uns tab le  t h e r e  
may  be  m o r e  than one f ixed point  - f o r  i n s t ance  A = 0 has  e v e r y  point  f ixed.  

Example  2. Le t  I denote  the  ident i ty  m a t r i x .  Then  q~I has  a fixed point  a t  the 

b a r y c e n t r e  of each  face .  The  v e r t i c e s  a r e  / ~  

a t t r a c t o r s ,  the  b a r y c e n t r e  e of /~ a r epe l l o r ,  ~ Figure 4. 

and the  r e s t  a r e  s add le s .  

Proof .  C o n s i d e r  the  r e v e r s e  flow ¢P-I" If x E A e then fx 0 and gx l e -x l  2 - = = > 0 .  

T h e r e f o r e  e is an  ESS. T h e r e f o r e  by T h e o r e m  I e is an  a t t r a c t n r ,  and by T h e o r e m  2 t h e r e  

a r e  no o t h e r  fixed points  in ~. Hence  e is a r e p e l l o r  fo r  ~I" S i m i l a r l y  t h e r e  is a fixed 

point  a t  the  b a r y c e n t r e  of each  face,  and no o t h e r s .  One can  ve r i fy  tha t  th is  p a r t i c u l a r  

example  is in fact  a g rad ien t  flow, ~ = v ( ~ 3 - ~ ) ,  w h e r e  ~k is  the  kth s y m m e t r i c  funct ion 

of the x i ' s .  Hence,  by induct ion on the  faces ,  it is  s t r u c t u r a l l y  s t ab l e  [ 9 ] ,  and t h e r e f o r e  

s t ab l e .  



479 

Notat ion.  Le t  u denote  ambiguous ly  the row v e c t o r  u = (1, 1 . . . . .  I )  and i ts  t r a n s p o s e d  

co lumn v e c t o r .  

Proof  of T h e o r e m  3. Suppose n ~ I ,  o t h e r w i s e  the  r e s u l t  i s  t r i v i a l .  Le t  

Q, c Mn+l ,  denote  the  s e t  of m a t r i c e s  a11 of whose  s y m m e t r i c  q x q m i n o r s  a r e  non-  

ze ro ,  for  1 < q < n + I .  Then  Q is open dense  in Mn+ 1 be ing  the  c o m p l e m e n t  of an  

a l g e b r a i c  subse t .  T h e r e f o r e  any s t ab l e  c l a s s  m e e t s  Q. T h e r e f o r e  it suf f ices  to p r o v e  the 

r e s u l t  fo r  g a m e s  in Q, s ince  the r e s u l t  i s  i n v a r i a n t  under  equivalence ,  and so le t  A E Q. 
- I  

T h e r e f o r e  A ex i s t s  s ince  det  A ~ O. If x E /~ is  a fixed poin t  of ¢PA then (Ax)i is  

independent  of i, by the  p roof  of L e m m a  2. 
- I  

,', Ax = mul t ip le  of u. ' x = mul t ip le  of A u. 

But the  v e c t o r  s u b s p a c e  E A ' l u ~  of ~ n + l  g e n e r a t e d  by A - l u  p i e r c e s  ~ in at  m o s t  one point,  

and  so x i s  unique.  T h e r e f o r e  ¢~A has  a t  mos t  one f ixed point  in /~. The s a m e  holds  fo r  

each  face of 4, us ing  the  fac t  tha t  the c o r r e s p o n d i n g  m i n o r  is  n o n - z e r o .  Th i s  comple t e s  

the  p roof  of T h e o r e m  3. 

R o b u s t n e s s .  A p r o p e r t y  of CA is ca l l ed  robus t  i f  i t  is  p r e s e r v e d  under  

p e r t u r b a t i o n s ;  in o t h e r  words  the  p r o p e r t y  i s  s h a r e d  by q~B for  a l i  B in a ne ighbourhood 

of A.  O the rwi se  i t  is  ca l l ed  t r a n s i e n t .  F o r  example  if A is  s t ab le  then a11 topological  

p r o p e r t i e s  of ¢~A a r e  robus t ,  and ff A is  uns tab le  some  p r o p e r t y  of ¢~A is t r a n s i e n t .  But 

we sha l l  a l so  c o n s i d e r  r o b u s t  p r o p e r t i e s  of trustable games ,  a s  i l l u s t r a t ed  in the  fol lowing 

t h e o r e m ,  which  we need for  both b i fu rca t i ons  (see  the  C o r o l l a r y  below) and app l ica t ions  

[16~.  

T h e o r e m  4. (i) Having an  i so l a t ed  f ixed point  in /~ is robus t .  (ii) If (ad~A)u has  

bo th  pos i t i ve  and nega t ive  componen t s  then ~0 A has  no fixed points  and no pe r iod ic  o r b i t s  

in ~, and th i s  is  robus t .  

R e m a r k s  : In p a r t  (i) i t  is  n e c e s s a r y  tha t  the fixed point  be i so la ted ,  o t h e r w i s e  c o n s i d e r  

the  example  A = 0; h e r e  e v e r y  point  is  f ixed but  A has  a r b i t r a r i l y  s m a l l  p e r t u r b a t i o n s  

wi th  no fixed poin ts  in 1~. N e v e r t h e l e s s  the  r e s u l t  i s  s u r p r i s i n g  because  i so la t ed  fixed 

poin ts  a r e  not  robus t  a m o n g s t  dynamica l  s y s t e m s  in g e n e r a l .  F o r  example  c o n s i d e r  the  
2 

dynamic  ~ = y , y E R (the fold ca t a s t rophe ) ;  h e r e  the o r ig in  y = 0 is an  i so la t ed  fixed 
2 

point ,  but  the p e r t u r b a t i o n  ~ = y + ~, ~ > 0, has  none .  

In p a r t  (ii) the hypo thes i s  on (adjA)u is n e c e s s a r y  b e c a u s e  o t h e r w i s e  the  a b s e n c e  of 

f ixed points  in /~ is  not  robus t  ( for  i n s t ance  put  c = 0 in Example  3 below).  

Proof  of T h e o r e m  4(i). Suppose ¢~A has  an  i so la ted  fixed point  e E ~. Not ice  th is  

impl i e s  no o t h e r  fixed poin ts  in /~ by L e m m a  2. T h e r e  a r e  t h r e e  c a s e s  acco rd ing ly  as  

to w h e t h e r  the  rank,  r (A) = n + l , n ,  o r  l e s s .  

Case  1 : r(A) - n+ l .  He re  e is a mul t ip le  of A lu. Le t  L A = [A-lu], the  

v e c t o r  subspace  of ~ n + l  g e n e r a t e d  by / ( l u .  Then e E L A n A. T h e r e f o r e  L A #  0, and 
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L A p i e r c e s  /~ in  e .  T h e r e f o r e  i f  B i s  a s u f f i c i e n t l y  s m a l l  p e r t u r b a t i o n  o f  A,  L B = [B ' l t0  ~ 0 

a n d  L B p i e r c e s  /~ in  a p o i n t  e B n e a r  e .  H e n c e  e B i s  t h e  r e q u i r e d  un ique  f i x e d  p o i n t  o f  ¢B 

in ~, 

C a s e  2 : r (A)  = n .  C h o o s e  x E A n+ l  , x ~ 0, s u c h  t ha t  Ax  = 0. If x i s  no t  a 

m u l t i p l e  o f  e,  l e t  x t = tx  + ( 1 - t ) e .  F o r  t s u f f i c i e n t l y  s m a l l  [ x t ]  p i e r c e s  ~ in  a po in t ,  

Xx t s a y ,  ~ e .  F u r t h e r m o r e  Xx t i s  f i xed  u n d e r  ¢PA s i n c e  (Akxt)  i = k ( 1 - t ) e A e ,  w h i c h  i s  

i n d e p e n d e n t  o f  i .  T h e r e f o r e  e i s  no t  i s o l a t e d ,  s i n c e  kx  t e a s  t 0, a c o n t r a d i c t i o n .  

T h e r e f o r e  x i s  a m u l t i p l e  o f  e .  T h e r e f o r e  A e  = 0. 

S u p p o s e  (ad jA)u  = 0. T h e n  t he  m a t r i x  o b t a i n e d  by  r e p l a c i n g  a n y  one  c o l u m n  of  A 

b y  u h a s  z e r o  d e t e r m i n a n t .  S i n c e  r (A)  = n t h e r e  a r e  n l i n e a r l y  i n d e p e n d e n t  c o l u m n s ,  a n d  

so  u i s  d e p e n d e n t  upon  t h e m .  T h e r e f o r e  t h e r e  e x i s t s  y E A n+ l  , y ¢ 0, s u c h  t h a t  Ay  = u.  

T h e r e f o r e  y i s  no t  a m u l t i p l e  of  e s i n c e  Ae  = 0.  F o r  s m a l l  t l e t  Yt = ty  + (1 - t ) e ,  and  

l e t  )ty t = [ y t ]  f3 ~. T h e n  k y  t i s  f i xed  u n d e r  ~A  s i n c e  (AkYt) i = ),t, w h i c h  i s  i n d e p e n d e n t  

o f  i .  T h e r e f o r e  a g a i n  e i s  no t  i s o l a t e d ,  a c o n t r a d i c t i o n .  T h e r e f o r e  (ad jA)u  ~ 0. 

F u r t h e r m o r e  (ad jA)u  i s  a m u l t i p l e  o f  e b e c a u s e  a l l  c o l u m n s  o f  ad jA  a r e  m u l t i p l e s  

of  e, s i n c e  r (A)  = n and  Ae  = 0. L e t  L A --- E(ad jA)u] .  T h e n  L A ~ 0 a n d  L A p i e r c e s  /~ 

in  e .  T h e r e f o r e  i f  B i s  a s u f f i c i e n t l y  s m a l l  p e r t u r b a t i o n  o f  A, t h e n  L B = ~(adjB)u]  ~ 0 

a n d  L B p i e r c e s  /~ in a p o i n t  e B n e a r  e .  F u r t h e r m o r e  e B i s  f i xed  u n d e r  ¢~B s i n c e  

Be B = m u l t i p l e  o f  B(adjB)u = (detB)u.  

T h e r e  r e m a i n s  to v e r i f y  t ha t  e B i s  i s o l a t e d ,  and  so  s u p p o s e  x ~ /~ i s  a n y  f i xed  po in t  

of  ¢~B" F o r  s u f f i c i e n t l y  s m a l l  p e r t u r b a t i o n s ,  r(B) ~ r (A)  = n .  If r(B) = n + l  t h e n  

x = m u l t i p l e  o f B - l u  = m u l t i p l e  o f  (adjB)u, a n d  s o  x = e B. If r(B) = n ,  t h e n  

(xBx)(adjB)u = (adjB)(xBx)u = (adjB)Bx = (detB)x = 0.  

,'. xBx = 0, s i n c e  (adjB)u ¢ O. 

' Bx = (xBx)u = 0 . 

But Be B = m u l t i p l e  o f  (detB)u = 0. 

. ' , x  = m u l t i p l e  o f  e B, s i n c e  r(B) = n .  

, ' .x  = e.B; s o  we  h a v e  s h o w n  t h a t  e B i s  t h e  u n i q u e  f i x e d  po in t  o f  ¢~3 in /~, a n d  t h e r e f o r e  

i s o l a t e d .  

C a s e  3 : rA  < n .  S i n c e  t h e  e i g e n s p a c e  of  0 h a s  d i m e n s i o n  ~ 2, we  c a n  c h o o s e  

x E ~ n + l , x ~  m u l t i p t e  o f  e, s u c h  t h a t  Ax  = O. T h e n ,  a s  in  c a s e  2, t h i s  i m p l i e s  t h a t  e i s  

n o t  i s o l a t e d ,  a c o n t r a d i c t i o n .  

P r o o f  o f  T h e o r e m  4~ii~. L e t  L A = [ ( a d j A ) u ] .  T h e n  L A ~ 0 a n d  L A d o e s  no t  m e e t  

A, s i n c e  by  t h e  h y p o t h e s i s  L A m e e t s  t h e  p o s i t i v e  q u a d r a n t  on ly  in  t h e  o r i g i n .  If  B i s  a 

s u f f i c i e n t l y  s m a l l  p e r t u r b a t i o n  t h e n  L B = E(adjB)u] ~ 0 and  L B d o e s  no t  m e e t  A, s i n c e  A 

i s  c o m p a c t .  A l s o  rB > r A  > n,  s i n c e  a d j A  ~ 0.  T h e r e f o r e  by t he  a r g u m e n t s  in  C a s e s  

1 and  2 a b o v e ,  a n y  f i x e d  po i n t  o f  c~B in  /~ m u s t  l i e  in  L B N /~, w h i c h  i s  e m p t y .  T h e r e f o r e  
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ne i the r  ~0 A nor  q~B has any fixed points  in ~. 

To show that no fixed points in ~ impl ies  no per iod ic  o rb i t s  in /~, we use an 

a rgument  of Sigmund et  al .  i l l ] .  F o r  suppose that was an orb i t  of per iod  T. Let  

x(t), 0 < t < T denote the flow round the orbi t ,  and let  

Txdt, ~ T e = 2 )t = xAxdt. 
0 0 

Then e E ~, s ince  each e. > O, and 

(Ae) i ~((Ae) i 
T 

- X = - xAx)dt = J~-... dt = [ log  xi]  0 = 0 
1 

T h e r e f o r e  (Ae) i = X, independent  of i, and so e is fixed, a cont radic t ion .  This  comple te s  

the proof  of T h e o r e m  4. 

Bifurcat ions.  We now examine the types of bifurcat ion that  can occur  in p a r a m e t r i s e d  
g a m e s .  F i r s t  we use T h e o r e m  4 to show that t h e r e  a r e  no e l e m e n t a r y  ca t a s t rophes ,  the 
typical b i furcat ions  of g rad ien t  s y s t e m s  [15] .  Then we shal l  give some examples  to show 
that c l a s s i ca l  Hopf b i furca t ions  [5]  and exchanges  of s tabi l i ty  can occur .  

Corollar~¢ to T h e o r e m  4. E !emen ta ry  ca t a s t rophes  cannot occur .  

Proof .  If an e l emen ta ry  ca tas t rophe  occured  in /~ then some  per tu rba t ion  would have m o r e  

than one i so la ted  fixed point in ~, which is imposs ib le  by L e m m a  2. If an e l emen ta ry  

ca tas t rophe  occured  in hA, then s o m e  per turba t ion  would contain a Iold ca tas t rophe ,  w h e r e  

the var ia t ion of a p a r a m e t e r  causes  two isola ted  fixed points to coa lesce  and d i sappea r .  

Now it is  quite poss ib le  to make an isola ted  point in ~ run into another  one in the boundary,  

in ~ say,  1 ~ < A, so that at  the c r i t i ca l  p a r a m e t e r  value they coa l e sce  to f o r m  an i so la ted  

fixed point in i ' ,  but it is  then imposs ib le  to make the l a t t e r  d i sappea r  because  it is robus t  by 

T h e o r e m  4(i) appl ied to ~. T h e r e f o r e  e l e m e n t a r y  ca t a s t rophes  cannot o c c u r .  

Example  3. Exchange of s tab i l i t i es  b i furcat ion.  

X e Y 

Let  A = (~ 10) O-~ ~ ~ ~ ' ~  e > 0  

and let  ~0 e denote the induced flow. It is  easy  to ver i fy  t he re  a r e  two casestl _,acc°rding to 

the s ign of the p a r a m e t e r  e .  If e > 0 then w e has an a t t r a c t o r  at  e = { 1 - ~ ' T ~ ) '  and 

r e p e l l o r s  at the two v e r t i c e s  of the I - s i m p l e x .  If e < 0 then ~o s has an a t t r a c t o r  at 

X = (1,0) and a r e p e l l o r  at Y = (0, 1). T h e r e f o r e  A 0 is  unstable at  the c r i t i ca l  p a r a m e t e r  

value e = 0. It is  easy  to ver i fy  A is s tab le  if e ¢ 0 (see  Section 3 below). As e - ,0+  
8 

the a t t r a c t o r  e runs  into X and donates  i ts  a t t r a c t i v e n e s s  to X. 

Mathemat ica l ly  the bi furcat ion is  bes t  unders tood by cons ide r ing  the induced flow on 

the l ine N containing A. If ~ < 0 t h e r e  is  an addit ional r e p e l l o r  e E N outs ide  A. 

Thus as  the p a r a m e t e r  p a s s e s  through the c r i t i ca l  value the fixed points  e ,X  c r o s s  and 

exchange s t ab i l i t i e s .  Taking coord ina tes  (x, y) the dynamic is  given by 

:~ = x(y-(l+e)xy),  ~ = y(ex-( l+e)xy)  . 
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Put t ing  x = l - y ,  we can  use  y a s  a s ing le  v a r i a b l e  fo r  ~R, with  o r i g i n  a t  X, and then the 

dynamic  is  equivalent  to the  s ingle  equat ion 

= _y2_py3 + e(y_2y2+y3). 

Within the c o n s t r a i n t  imposed  by the g a m e s  th is  is indeed a v e r s a l  unfolding of the g e r m  
2 3 

= -y -P] a t  y = 0, s i nce  the c o n s t r a i n t  r e q u i r e s  tha t  X be  kept  fixed, but  if we w e r e  to 

a l low a r b i t r a r y  p e r t u r b a t i o n s  on IR then a v e r s a l  unfolding would include an  addi t ional  

cons tan t  t e r m ,  t he r eby  giving a c a t a s t r o p h e  s u r f a c e  with a fold c u r v e  through the o r ig in .  

Then  ou r  c o n s t r a i n t  would be the s a m e  as  taking the tangent ia l  s ec t ion  of th is  s u r f a c e  a t  

the or ig in ,  t he r eby  r e c o v e r i n g  the above  unfolding as  the c l a s s i c a l  exchange  of s t ab i l i t i e s  

b i fu rca t ion .  

The  fol lowing example  shows the  s a m e  phenomenon  in one h i g h e r  d imens ion .  Here  

a saddle  in a 2 - s i m p l e x  runs  into, and exchanges  s t ab i l i t i e s  with,  an a t t r a c t o r  on an  edge.  

The  de ta i l s  of p roof  a r e  lef t  to the  r e a d e r  ( see  a l so  F i g u r e  11). 

A = " 0 - 

1 

Example  4. The  r o c k - s c i s s o r s - p a p e r  game .  

X 2 

A =  -1 0 

\ 1  -1 

The  a s s o c i a t e d  dynamic  is g iven  by p e r m u t i n g  cyc l i ca l ly  / ~ k 

[ 0  = x0(xl -x2)"  X0 [ '( \ X l  

Le t  V = X0XlX 2. Then  V has  a m a x i m u m  at  the b a r y c e n t r e  e, and no o t h e r  s t a t i o n a r y  

points  in ~ (by an a r g u m e n t  as  in the p roof  of T h e o r e m  1). Meanwhi le  

v .  
= ~x.Xi = (Xl-X2) + (x2-x0) + (x0-xl) = 0 . 

I 

Therefore the orbits of ¢PA in A-e are the level curves of V, which are smooth simple 

closed curves surrounding e. The following perturbation shows that A is unstable. 

Example 5. Degenerate Hopf bifurcation. 

1+~ -1 Figure 7. 

A = 0 1 
g 

-~ -1 

At the initial parameter value e = 0 we have the previous example. When e # 0 the same 

function V becomes a Lyapunov function for the flow, as we now show. The dynamic is 

given by permuting cyclically 

;~0 = x0(xl-x2+e(Xl-(Y))' where ~r = X0Xl +XlX2+X2X0 A 
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T h e r e f o r e  ~z = s(1-3cr).  But cr h a s  a m a x i m u m  of  ½ a t  t he  b a r y c e n t r e  e,  and  no  o t h e r  

s t a t i o n a r y  p o i n t s  in /~ T h e r e f o r e  i f  e > 0 t hen  V > 0 on /~ - e, and so  e is  an  * a t t r a c t o r  

w i th  b a s i n  of  a t t r a c t i o n  /~. S i m i l a r l y  i f  e < 0 t hen  V < 0 on ~ - e,  and so  e i s  a r e p e l l o r  

wi th  b a s i n  of  r e p u l s i o n  /~. T h e r e f o r e  a s  t he  p a r a m e t e r  p a s s e s  t h r o u g h  the  c r i t i c a l  va lue  

the  f low e x h i b i t s  a Hopf  b i f u r c a t i o n  a s  the  f ixed  po in t  s w i t c h e s  f r o m  a t t r a c t o r  to r e p e l l o r  [ 5 ] .  

N o t i c e  tha t  t h i s  i s  a " d e g e n e r a t e "  Hopf  b i f u r c a t i o n  in the  s e n s e  tha t  a l l  the  c y c l e s  
o c c u r  a t  the  c r i t i c a l  va lue  e = 0, and  so  t h e r e  a r e  no s m a l l  c y c l e s  b e f o r e  o r  a f t e r  p a s s i n g  
t h r o u g h  the  c r i t i c a l  v a l u e .  Th i s  type  of  Hopf  b i f u r c a t i o n  i s  c a l l e d  " d e g e n e r a t e "  b e c a u s e  i t  
h a s  c o d i m e n s i o n  ® in the  s p a c e  o f  a l l  2 - d i m e n s i o n a l  f l o w s .  H o w e v e r  in o u r  c o n t e x t  i t  t u r n s  
out  to b e  t y p i c a l  r a t h e r  excep t iona l ,  b e c a u s e  in T h e o r e m  6 b e l o w  we s h o w  tha t  i t  ha s  
c o d i m e n s i o n  1, and in T h e o r e m  7 tha t  a l l  Hopf  b i f u r c a t i o n s  on  a 2 - s i m p l e x  a r e  of  th i s  
n a u t r e .  On  the  o t h e r  hand  i f  we  r a i s e  t he  d i m e n s i o n  by one  t h e n  g e n e r i c  Hopf  b i f u r c a t i o n s  
do a p p e a r ,  a s  i l l u s t r a t e d  by  the  nex t  e x a m p l e .  

E x a m p l e  6. G e n e r i c  Hopf  b i f u r c a t i o n .  

Fig~e 8. 

A=4 

0 I e 0\ 

) 0 0 1 s 

e 0 0 1 

1 ~ 0 0 

X 

1 'X2 X 

0 
This example is due to Sigmund and his coworkers ill part (ii)], and they have generalised 

it to all n > 3. We first consider the critical case e = 0, which they call the hypercycle, 

since it represents a cycle of 4 chemicals each catalyzing the next. We shall show the 

barycentre e of the tetrahedron A is an attractor with basin /~. It is convenient to choose 

coordinates (y, z) E IR X C, centred at e, given by 

y = (Xo+X 2) - (xl+x 3) 
z = Zl+iZ 2 = (x0"x 2) + i ( x l - x  3) 

w h e r e ,  f o r  th i s  e x a m p l e  only,  t he  no ta t ion  i m e a n s  d - 1 .  The  d y n a m i c  is  g iven  by 

p e r m u t i n g  c y c l i c a l l y  

~0 = Xo(4Xl ' l+y2 )  " 

T h e r e f o r e  in t e r m s  of  y,  z the  d y n a m i c  can  be  r e w r i t t e n  

= - y - ~ z l z 2 + y  3 

= - i z - (1  - i )y~+y2z .  

A l t e r n a t i v e l y  we  could  d e d u c e  th i s  f r o m  T h e o r e m s  1 and 20 b e c a u s e  e is  an  ESS, s i n c e  
fx  = 0 and gx = s(~-¢r) > 0 on A - e .  H o w e v e r  t h i s  a r g u m e n t  f a i l s  to g e n e r a l i s e  when  we 
n e e d  i t  f o r  c l a s s i f i c a t i o n  in T h e o r e m  6 b e l o w .  



484 

The linear approximation at the fixed point is 

~= -y 

= =iz . 

T h e r e f o r e  the  f ixed  p o i n t  h a s  e i g e n v a l u e s  -1,  + i .  N e v e r t h e l e s s  e t u r n s  ou t  to be  an  

a t t r a c t o r ,  un l i ke  t h e  p r e v i o u s  e x a m p l e .  F o r  c o n s i d e r  t h e  L y a p u n o v  f u n c t i o n  V = X0XlX2X3 , 
o • 2 

w h i c h  h a s  a m a x i m u m  a t  e a n d  no o t h e r  s t a t i o n a r y  p o i n t s  in 4.  T h e n  V = 4Vy , and  so  

> 0 on  ~ e x c e p t  on  t h e  p l a n e  y = 0 .  If  y = 0 and  z l z  2 fi 0 t hen  ~ = 4 z l z  2 p 0, a n d  s o  

t h e  o r b i t  c r o s s e s  t h i s  p l a n e  t r a n s v e r s a l l y .  If y = z 1 = 0 a n d  z 2 p 0 t h e n  ~1 = z2 fi 0, 

and  so  t he  o r b i t  c r o s s e s  t h e  z 2 - a x i s  t r a n s v e r s a l l y .  S i m i l a r l y  o r b i t s  c r o s s  t h e  z l - a x i s  

t r a n s v e r s a l l y .  T h e r e f o r e  V d e c r e a s e s  s t r i c t l y  a l o n g  a l l  o r b i t s  in  ~ - e .  H e n c e  e i s  a n  

a t t r a c t o r  w i th  b a s i n  o f  a t t r a c t i o n  ~.  T h e  s o b r i e t y  o f  t h i s  e x a m p l e  c o m p a r e d  w i th  t he  

p r e v i o u s  o n e  i s  t ha t  t h e  o r b i t s  c a n n o t  l i n g e r  in t h e  e i g e n s p a c e  o f  t h e  e i g e n v a l u e s  + i ,  a n d  

so  t h e y  h a v e  to g e t  s u c k e d  in to  e .  

Now c o n s i d e r  t h e  p e r t u r b a t i o n  ¢ p 0. T h e  b a r y c e n t r e  e i s  a g a i n  t h e  u n i q u e  f i xed  

p o i n t  in  /~, bu t  t h i s  t i m e  t h e  l i n e a r i s e d  e q u a t i o n s  a t  e a r e  : 

:;" = ( - l + E ) y  

= - ( ~ + i ) z  

T h i s  t i m e  t he  e i g e n v a l u e s  a r e  - 1 -~ ,  -z_+i, and  

= 4 V [ ( 1 - ¢ ) y  2 + 2¢ Izl 2] . 

H e n c e  i f  0 < ¢ < 1 t h e n  e i s  an  a t t r a c t o r  ( i ndeed  an  ESS) wi th  b a s i n  ~. On  t h e  o t h e r  

hand  if  e < 0 t h e n  e i s  a 1 - s a d d l e .  F o r  s m a l l  ~ < 0 t h e r e  m u s t  be  an  a t t r a c t i n g  s m a l l  

c l o s e d  c y c l e  n e a r  e by  t he  Hopf  b i f u r c a t i o n  t h e o r e m  [ 5 ] ,  s i n c e  t h e r e  a r e  no s m a l l  c y c l e s  

f o r  ~ > 0. T h i s  a t t r a c t i n g  c y c l e  i s  s h a p e d  

l ike  t he  s e a m  on  a t e n n i s  ba l l ,  a n d  a s  

d e c r e a s e s  i t  e x p a n d s  ou t  to t h e  c y c l e  

X3X2X1X 0 on t h e  b o u n d a r y .  

C h e m i c a l l y  t h i s  e x a m p l e  r e p r e s e n t s  
a m i x t u r e  o f  4 c h e m i c a l s ,  and  t h e  Hopf  
b i f u r c a t i o n  r e p r e s e n t s  t h e  c o n t i n u o u s  
t r a n s i t i o n  f r o m  a s t a b l e  e q u i l i b r i u m  in to  a 
l i t t l e  c h e m i c a l  c l o c k  - t h e  p r e c u r s o r ,  

Fig~e 9. 

x3 2 
X 1 

0 

p e r h a p s ,  o f  t h e  f i r s t  b i o l o g i c a l  c l o c k ?  W i t h  o n l y  3 c h e m i c a l s  t h i s  i s  i m p o s s i b l e  b e c a u s e  
by  T h e o r e m  7 be low  a l l  Hopf  b i f u r c a t i o n s  on  a 2 - s i m p l e x  a r e  d e g e n e r a t e  a s  in t h e  p r e v i o u s  
e x a m p l e ,  and  so  i n s t e a d  o f  g e t t i n g  a c o n t i n u o u s  t r a n s i t i o n  f r o m  e q u i l i b r i u m  to c l o c k  o n e  
wou ld  g e t  a c a t a s t r o p h i c  b r e a k d o w n  of  e q u i l i b r i u m ,  l e a d i n g  to t h e  e x c l u s i o n  o f  two of  t h e  
c h e m i c a l s .  
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Sect ion 3. C lass i f i ca t ion .  

The  eventual  a i m  of c l a s s i f i c a t i on  is  to l i s t  the equ iva lence  c l a s s e s ,  both the s t ab l e  
c l a s s e s  and t h e i r  b o r d e r i n g  r e l a t i ons  with those  of h i ~ h e r  cod imens ion ,  and to d e s c r i b e  
the  qua l i th t ive  n a t u r e  of the  r e s u l t i n g  flows, b i fu rca t ions  and c a t a s t r o p h e s .  In p a r t i c u l a r  
the  c l a s s i f i c a t i on  would involve g iv ing  c r i t e r i a  for  two m a t r i c e s  to be equivalent ,  in o t h e r  
words  to induce topological ly  equiva lent  f lows.  

We begin  v e r y  modes t l y  in L e m m a  3 by f inding the  condi t ion for  two m a t r i c e s  to 
induce the  s a m e  flow. F o r  i n s t ance  if  a cons tan t  is  added to a co lunm of A then ~he flow is  
una l t e red .  The  i n t e r p r e t a t i o n  of th is  in t e r m s  of game  theory  is  as  follows : if  the 
pay-of f  to a l l  s t r a t e g i e s  is  i n c r e a s e d  equal ly  then  the  r e l a t i v e  advan tage  of each  s t r a t e g y  is  
una l te red ,  and so the evolut ion is  the s a m e .  T h e r e f o r e  g iven  any m a t r i x  we can,  without  
a l t e r i n g  the  flow, r educe  i t s  d iagonal  to z e r o  by s u b t r a c t i n g  a su i t ab l e  cons tan t  f r o m  each  
colurrm. Th i s  s impl i f i e s  the c l a s s i f i c a t i on  p r o b l e m  by reduc ing  the  d imens ion  of the  
c l a s s i fy ing  space ;  i t  a l so  exp la ins  why we have  chosen  z e r o  d iagonal  in a11 ou r  example s .  

Notat ion.  Le t  Kn, c Mn, be  the  s e t  of nxn m a t r i c e s  a l l  of whose  co lumns  a r e  

mul t ip le s  of u. Le t  Zn, c Mn, be  the s e t  of m a t r i c e s  with z e r o  diagonal .  Since 

= Z n (~ K n 0 we can  wr i t e  M as the d i r e c t  s um  o r  topological  p roduc t  
n 

M = Z  X K .  
n n n 

L e t  Z + denote  the  dense  s u b s e t  of Z c o n s i s t i n g  of m a t r i c e s  with  z e r o  d iagonal  and non-  
n n 

z e r o  of f -d iagonal  t e r m s .  

L e m m a  3. Given A,B E Mn+ I then ¢0 A = ¢~B./-"~A-B E Kn+ I .  

Proof .  Since ~ depends  l i n e a r l y  upon A i t  suf f ices  to p r o v e  ¢0 A = 0 if  and only if  A E Kn- 

~A = 0 . - - -~  ~ = O, v x E A  

~" (Ax)i independent  of i, Vi, x, such  that  x.1 # 0 

a i i t  + a i j ( l - t )  = a j i t  + a j j ( l - t ) ,  Vi, j , t ,  such that  

0 < t < I (put t ing x i = t, x.  = l - t )  
l 

; •  a..i$ = aj j ,  Vi, j ( compar ing  coef f ic ien ts )  

f~-A E K . 
n 

Conver se ly ,  A E K n ~ a i j  independent  of i,  Vi, j 

(Ax) i independent  of i, Vi, x 

~-x fixed, Fx, and so ¢#A = 0 • 

C o r o l l a r , / .  E v e r y  equ iva lence  c l a s s  in Mn+ I is of the  f o r m  E X Kn+ I ,  whe re  E 

is  an  equ iva lence  c l a s s  of Zn+ 1 . T h e r e f o r e  s t ab l e s  a r e  dense  in Mn+ l if  and only if  they 

a r e  d e n s e  in Zn+ l ,  and to classif~¢ ec~uivalence and s t ab l e  c l a s s e s  in Mn+ I i t  su f f i ces  to 

c l a s s i fy  t hem in Zn+ 1 . 

C la s s i f i ca t ion  fo r  n = I .  The  c o r o l l a r y  enab les  us to d i spose  of this  c a s e  a t  once.  

1 - s implex ,  and Z2 c o n s i s t s  of games  of the  f o r m  A = / b  0 ) .  By examin ing  Here  & is a 

the  fixed points  i t  is  e a sy  to ver i fy  t ~ e r e  a r e  4 equ iva lence  c l a s s e s ,  as  follows. In the  

f i r s t  two c l a s s e s  t h e r e  i s  a fixed point  e = , E A, which  is  a n  a t t r a c t o r  in the  

f i r s t  c l a s s ,  and  a r e p e l l o r  in the second.  As usual ,  a t t r a c t o r s  a r e  indica ted  by sol id  dots  

and r e p e l l o r s  by open do ts .  In c l a s s  (iv) a l l  points  a r e  f ixed.  Equ iva lences  can  be  
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cons t ruc t ed  by mapping fixed points  to fixed points  and extending p iecewise  l inea r ly .  If 

one of the va r iab les  changes  sign while the o ther  r ema i n s  n o n - z e r o  t h e r e  is  an exchange 

of s tab i l i t ies  bifurcat ion as in Example  3 above.  

(i) a , b  > 0 C > ~, ~ O 

(ii) a, b < 0 

(iii) a ~ 0 ~ b, not both z e r o  • ~ O 

a < 0 < b, not both ze ro  O -~ 

(iv) a = b = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
+ 

T h e r e f o r e  A is s table  ~ A  E Z 2. T h e r e f o r e  the re  a r e  3 s tab le  c l a s s e s  (or  2 up to flow 

r e v e r s a l  s ince  (i) is the r e v e r s e  of (ii)), given by 

(i) a , b  > 0 

(ii) a , b  < 0 

(iii) a > 0 > b or  a < 0 < b . 

L e m m a  4. A E Zn+ 1 and A s tab le  ~ A  E Z + 
n+l" 

Proof .  Suppose not.  Then aij  = 0 for  s o m e  i ~ j.  Let  r denote the edge ij .  If aji ~ 0 

then the re  a r e  no fixed points  in ~ ,  and a per tu rba t ion  making a. .  the s a m e  sign as  a.. will  
1j ]1 

in t roduce a fixed point in ~, making an ex t ra  fixed point in the 1-ske le ton  of A, and hence  

an inequivalent  flow. T h e r e f o r e  A is unstable .  If a.. = 0 then I ~ is poinrwise fixed, and 
]1 

a pe r tu rba t ion  making aij  n o n - z e r o  will  have no fixed point in ~, making one f ewer  

po in twise- f ixed  edge in the 1-skele ton,  and hence an inequivalent  flow. T h e r e f o r e  again 

A is unstable and the L e m m a  is proved .  

Saddle points .  Recal l  a fixed point is ca l led  hyperbol ic  if i ts  e igenvalues  have 
n o n - z e r o  r ea l  par t .  It is  cal led a saddle  of index r ,  o r  m o r e  br ie f ly  an r - s a d d l e ,  if 
the inse t  (= s tab le  manifold) has d imens ion  r and the outse t  (= unstable manifold) has 
d imens ion  n - r .  F o r  ins tance  an a t t r a c t o r  is an n - sadd le ,  and a r e p e l l o r  is a 0 - sadd le .  

L e m m a  5. If A E Z + n+l then all the ve r t i ce s  of h a r e  hyperbol ic .  The index of X. 
J 

equals  the number  of negat ive t e r m s  in the jth column, and the inset ,  ou tse t  of X. a r e  
J 

"" > 0} r e spec t ive ly .  "' < 0}, {1, a i open subse t s  of the faces  {1, aij  

Proof .  Taking xi, i # j, as local  coord ina tes  at  X j, the l inear iza t ion  of the dynamic at  

Xj is xi = a i j x i ' i  # j. Hence the e igenvalues  of X.] a r e  aij, i # j, which a r e  non-ze ro  by 

the hypothes is  A E Z + n+l"  T h e r e f o r e  X. is hyperbol ic  with the r equ i r ed  index. Since the ] 
faces  of A a r e  invar iant  X. is  an a t t r ac to r ,  r e p e l l o r  of the induced flows on the two faces  

J 
speci f ied ,  and so i ts  bas ins  of a t t rac t ion  in them a r e  open subse t s  of them, and these  

a r e  the s a m e  as  i ts  inset ,  outse t  under  <#A" 

Combinator ia l  equivalence.  Given A, B E Z + call  them sign equivaIent if  
n+l 

co r r e spond ing  off-diagonal  e lements  have the s a m e  s ign.  Denote a sign c l a s s  by the 

co r r e spond ing  mat r ix  of s igns .  Given a pe rmuta t ion  cr of {0, 1 . . . . .  n} le t  (~A denote  the 

ma t r ix  obtained by pe rmut ing  both rows and columns by ~. Call A, B combina tor ia l ly  
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equiva lent  if (~A, B a r e  s ign equivalent  for  some  ~. 

L e m m a  6. Stable  c l a s s e s  r e f ine  combina to r i a l  c l a s s e s .  
+ 

Proof.  By L e m m a  4 s t ab l e  c l a s s e s  in Zn+ 1 a r e  conta ined  in Zn+ 1, and so it  suf f ices  to 

show tha t  A ~ B impl i e s  A is com b i na t o r i a l l y  equiva lent  to B. Le t  h be a f a c e - p r e s e r v i n g  

h o m e o m o r p h i s m  of A inducing A ~ B. In p a r t i c u l a r  h p e r m u t e s  the v e r t i c e s ,  by a 

p e r m u t a t i o n  e ,  say .  tf  ~ .  denotes  the  induced l i n e a r  h o m e o m o r p h i s m  of A then or. g ives  

an  equiva lence  A ~ (~A. T h e r e f o r e  1 ~  1 gives  an  equiva lence  erA ~ B, that  f ixes the 

v e r t i c e s .  But any equiva lence  maps  i n s e t s  to i n se t s  and ou tse t s  to ou t se t s .  T h e r e f o r e  ~A 

is  s ign equiva len t  to B by  L e m m a  5, and so A is  comb ina to r i a l l y  equ iva len t  to B, as  

r e q u i r e d .  

T h e r e f o r e  the p r o b l e m  of c l a s s i fy ing  s t ab le  c l a s s e s  can  be  spl i t  into two, f i r s t l y  
the  l i s t ing  of combina to r i a l  c l a s s e s ,  and then the decompos i t ion  of them.  It is  a 
s t r a i g h t f o r w a r d  c o m b i n a t o r i a l  t ask  to l i s t  them,  s ince  each  is  c h a r a c t e r i s e d  by the  fixed 
points  in the  I - s k e l e t o n  of A, a l though the l i s t  tends to get  l a r g e  as  n i n c r e a s e s .  Meanwhile  
to decompose  a c o m b i n a t o r i a l  c l a s s  i t  suf f ices  to c o n s i d e r  a s ing le  s ign c l a s s  ( s ince  a l l  
the o t h e r  s ign  c l a s s e s  decompose  i somorph ica l ly ) .  In each  s ign c l a s s  t h e r e  s e e m s  to be 
r e l a t i ve ly  few equ iva lence  c l a s s e s ,  a l though to e s t a b l i s h  the  ac tua l  decompos i t ion  in each  
c a s e  a p p e a r s  to be  a n o n - t r i v i a l  p r o b l e m .  

T h e o r e m  5. The  n u m b e r  of combina to r i a I  c l a s s  (up to s ign  r e v e r s a l )  is as  fo l lows:-  

n i 2 3 
~ u m b e r  of c l a s s e s l  2 1 10 1 114 [ " " 1  

The  c a s e  n = I has  been  a l r eady  done above;  we sha l l  p rove  the  c a s e  n = 2 and leave  n = 3 
to the r e a d e r .  F i g u r e  I0 i l l u s t r a t e s  the  I0 ca se s  for  n -- 2 by giving in each  c a s e  an  
example  of the  flow on the  l - s k e l e t o n .  As a b b r e v i a t e d  v i sua l  nota t ion  we only put  an 
a r r o w  on an  edge if t h e r e  is no fixed point  in the i n t e r i o r  of the edge, and o the rwi se  
ind ica te  the  f ixed point  by a sol id,  open dot a c c o r d i n g  as  to w h e t h e r  i t  is  an  a t t r a c t o r ,  
r e p e l l o r  for  tha t  edge, a l though of c o u r s e  when the  flow is  extended o v e r  the  i n t e r i o r  i t  
may  in fac t  t u rn  out to be  a I - s a d d l e ,  depending upon the  coef f ic ien ts  in A.  

Fig~e 10. 

Proof.  We compute  the n u m b e r  N of c l a s s e s  hav ing  fixed points  ins ide  r edges  by l i s t ing  
r 

the  inequiva len t  ways of put t ing  a r r o w s  on the o t h e r  edges .  N O = 2 because  the  a r r o w s  can  

be  cycl ic  o r  not,  g iving c l a s s e s  1 ,2 .  N 1 = 3 because  up to flow r e v e r s a l  we can  choose  

the fixed point  to be  an  a t t r a c t o r ,  and then the opposi te  ve r t ex  can be a r epe l lo r ,  a t t r a c t o r  

o r  saddle ,  giving c l a s s e s  3 , 4 , 5 .  N 2 = 3 becaus e  if  the  two fixed points  a r e  s i m i l a r  the 

d i r ec t i on  of the  a r r o w  does not  m a t t e r ,  g iving c l a s s  6, but if they d i f fe r  i t  does ,  giving 

c l a s s e s  7, 8. F ina l ly  N 3 = 2 becaus e  the t h r e e  f ixed points  can  be  s i m i l a r  o r  not, g iv ing 

c l a s s e s  9, 10. 

Now comes  the  m o r e  diff icul t  b u s i n e s s  of decompos ing  combina to r i a l  c l a s s e s  into 
s t a b l e  c l a s s e s .  We only a t t e m p t  th is  fo r  n = 2, because  th is  d i m e n s i o n  s e e m s  to have  the 



488 

following convenient  p rope r ty .  

Conjec ture  3. If n = 2 the fixed points d e t e r m i n e  the s tab le  c l a s s e s .  
The con jec tu re  looks h a r m l e s s ,  but is s u r p r i s i n g  because  it impl ies  t he re  a r e  no per iod ic  
o rb i t s  in the s table  c l a s s e s .  This in turn  impl ies  that  the re  a r e  no gener i c  Hopf 
b i furca t ions ,  but we p rove  this r e su l t  s epa ra t e ly  in Th e o r e m 7 below. (For  n > 3 the re  
a r e  gener ic  Hopf b i furcat ions  by Example  6 above).  The conjec ture  a lso  impl ies  the 
c lass i f i ca t ion  : 

Coro l la ry  to Conjec ture  3. If n = 2 the re  a r e  19 s table  c l a s s e s  (up to flow r e v e r s a l )  
as shown in F igure  I I .  Taylor  and ]onker  [14] and Schus te r  et  a l .  [11, Par t  (iv)] have 
publ ished compute r  drawings  of some ,  but not a11, of these  19 c l a s s e s .  We have 
a r r anged  them in F igure  I I  so that  the f i r s t  5 c l a s s e s  a r e  those  with an a t t r a c t o r  in the 
in te r io r ,  the next 4 a r e  those with a saddle ,  and the las t  I0 a r e  those  without a fixed point 
in the i n t e r i o r ; o f  the l a t t e r  the f i r s t  4 have one a t t r a c t o r  on the boundary,  the next 5 have 
two a t t r a c t o r s ,  and the las t  has th ree  a t t r a c t o r s .  In each c l a s s  we have chosen  a 
r e p r e s e n t a t i v e  ma t r ix  such that, if t he re  is  a fixed point in the in te r io r ,  it is the ba rycen t r e ,  
and, if not, the fixed points  on the edges a r e  at the i r  b a r y c e n t r e s .  We have label led each 
c l a s s  by the combina tor ia l  c l a s s  containing it ( see  F igure  10), with a suffix if  n e c e s s a r y ,  
and a minus s ign in those  c a s e s  without a fixed point in the i n t e r i o r  where  the r e v e r s e  
flow has been chosen  in o r d e r  to max imi se  the number  of a t t r a c t o r s  on the boundary.  The 
th ree  combina tor ia l  c l a s s e s  2, 3 and 8 a r e  in fact  equal to s tab les  classes, but the o the r  
seven combina tor ia l  c l a s s e s  each contain more  than one s table  c l a s s .  In pa r t i cu l a r  c l ass  1 
contains both the c l a s s  shown and i ts  r e v e r s a l .  It can be shown that  the 19 c a s e s  a r e  the 
only poss ib le  s tab le  configurat ions  of fixed points ,  and that these  configurat ions  a r e  dense .  
In the las t  14 c a s e s  it is  easy  to ver i fy  by Poincar&-Bendixson theory  [3]  that  the fixed 
points  d e t e r m i n e  the topology of the phase  por t r a i t ,  but in the f i r s t  5 c a s e s  this  is  not so 
obvious because  it is  n e c e s s a r y  to prove  the non-ex i s t ence  of pe r iod ic  o rb i t s  sur rounding  
the a t t r a c t o r .  We prove  this for  c l a s s  1 in Theo rem  6 below, but my proof  for  the o the r  
4 c l a s s e s  is  incomple te .  Before we p rove  this we s impl i fy  the p rob lem by showing how to 
move a fixed point in the i n t e r io r  to the h a r y c e n t r e .  

f~ n\ 

Let  P be a pos i t ive  diag~onal ma t r ix  P = ( ~ O ' . . ~ ) , w h e r e  p i >  0, i = 0,1 . . . . .  n. 

-1 
Le t  p:5 -" 5 be the induced p ro jec t ive  map given by (px) i = ?r PiXi, where  Ir = L'~PiX i • 

L e m m a  7. p induces an ecluivalence AP ~ A. 

Proof.  Let  v , w  be the vec tor  f ields on A induced by A, AP r e spec t ive ly .  Then 

(vx)i = xi((Ax)i - x.A.x), (wx)i = xi((APx)i - xAPx). 

- I  -2 
The der iva t ive  maps  ((Dp)w) i = ~ j  5xJ (PX)iW j = ~t PiWi - ft PiXi~]pjwj 

-I -2 
' ((Dp)wx) i = • PiXi(APx) i - Tt Pix i~pjxj (APx) j  

( s ince  the o the r  two t e r m s  cancel)  

= PiXi((A~r-Ipx)i - xp1r-IA~-ipx) 

= ft (v(px)) i 

Therefore Dp maps w onto v multiplied by the scalar It, and so p maps ~oAp-orbits to 

~A-orbits as required. 

Call a ma t r ix  cen t ra l  if it  has  an i so la ted  fixed point at  the h a r y c e n t r e  of 4. Suppose 

we a r e  now given A with an i so la ted  fixed point e ~ /~ (which is  then the unique fixed point 

in ~ by L e m m a  I) .  Let E denote  the diagonal  m a t r i x  with e along the diagonal .  Define 

the cen t ra l i sa t ion  of A to be the ma t r ix  A = (n+I)AE. 
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Fig~e 1 I. The conjectured l i s t  of 19 stable e ~ s ~ s  for n=2 (up t~ 
flow reversal).  Attractors are marked with a sol id dot, 
r epe l lo~  by an open dot, and saddles by t h ~  i ~ t ~  and 
out~et~. All other orbitA flow from a rep~ lor  to an 
attAaetor, except in ~ s  I, where the ~-~Lmit is  the 
boundary. The numbers r e f ~  to the combin~orial ~ s  
in Fig~e 10, and a min~ sign ind iea t~  flow r e v e a l .  
A representative m a r x  is  given for each cla~s. 
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Lemrna 8. ~ is cen t ra l  and ~ A. If A cen t ra l  t h e n ~  = A. 

Proof.  Let  P = (n+l)E. Then 7[ = AP and so p'.~ ~ A by L e m m a  7. Meanwhile p maps  

the ha rycen t r e  to e, and so ~ is cen t ra l .  If A is a l r eady  cen t ra l  then P = I, and so 

X = A .  

Let  C = combinator ia l  c l a s s  1, which cons i s t s  of the two sign c l a s s e s  (o +) 
S= 0 + , -S= + 0 - 

- 0 - + 0 

Let C+, CO, C_ denote the subsets of C given by det A ~ O. (Note that each subset meets 

each sign class.) 

T h e o r e m  6. Two m a t r i c e s  in C a r e  equivalent  if and only if  the i r  de t e rminan t s  

have the s a m e  s ign.  The re fo re  C contains th ree  equivalence c l a s s e s ,  of which C+,C_ 

a r e  s table  c l a s s e s  and flow r e v e r s a l s  of each o ther ,  while C O is unstable,  being a 

submanifold of codimension  I s epa ra t ing  the s table  c l a s s e s .  If A E C+, C then ¢PA has an 

a t t r ac to r ,  r e p e l l o r  in /~ with basin  of a t t rac t ion ,  repuls ion equal to ~. If A E C O then ~A 

has  a focus in /~, and all o the r  o rb i t s  in /~ a r e  cyc l e s .  

Figure 12. / ~  ~ 

Therefore any path in C crossing C O 

The ]phase po r t r a i t s  a r e  : 

t r a n s v e r s a l l y  induces a degenera te  Hopf bifurcat ion,  

as  in Example  5 above.  

Example  7. Before we prove  T h e o r e m  6 we use if to c o r r e c t  a mis take  of Taylor  

and Jonker [14, p.151~.  They give a (computer  inspi red)  example  

A =  5 ~ 0 

1 4 3 

which they c la im has an a t t r a c t o r  in /~ when a = 3, undergoes  a gener i c  Hopf bi furcat ion 

when tx p a s s e s  3, and has a smal l  a t t rac t ing  cycle  with r~ = 3 + ¢, ¢ > 0, provided 

suff ic ient ly  sma l l .  However,  by L e m m a  3, A gives the s a m e  flow as  

B = 3 0 - 3  

-1 4 - a  0 

and detB = 9(3-oO = -9e.  The re fo re  by T h e o r e m  6 when ¢v = 3 the fixed point is a focus 

r a t h e r  than an a t t r ac to r ,  a s  rv p a s s e s  3 the Hopf bi furcat ion is degenera te  r a t h e r  than 

g e n e r i c ,  and when 0 < ¢ < 1 the fixed point is  a r e p e l l o r  with bas in  of repuls ion  /~, so 

the re  a r e  no cyc l e s .  
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P r o o f  of  Theorem 6. Up  to e q u i v a l e n c e  it  s u f f i c e s  to c o n f i n e  a t t e n t i o n  to t he  s i g n  

c l a s s  S, b e c a u s e  if  B 6 -S, a n d  a i s  a n y  odd p e r m u t a t i o n ,  t h e n  crB 6 S, crB ~ B a n d  

d e t  orb = d e t  B. T h e r e f o r e  s u p p o s e  A E S. T h e n  a l l  t h e  c o e f f i c i e n t s  of  ad jA  a r e  p o s i t i v e ,  

a n d  h e n c e  s o  a r e  t h o s e  o f  ( a d j A ) u .  T h e r e f o r e  t h e  v e c t o r  s u b s p a c e  g e n e r a t e d  by  ( a d j A ) u  

m e e t s  /~ i s  a p o i n t  e, w h i c h  i s  t h e r e f o r e  t h e  u n i q u e  f i xed  po in t  o f  ¢~A in ~. By L e m m a  8, 

A i s  e q u i v a l e n t  to i t s  c e n t r a l i s a t i o n .  T h e r e f o r e  up to e q u i v a l e n c e  it  s u f f i c e s  to a s s u m e  A 

is  c e n t r a l ,  in o t h e r  w o r d s  e i s  t h e  b a r y c e n t r e .  T h e r e f o r e ,  s i n c e  (Ae) i i s  i n d e p e n d e n t  

o f  i, t h e  s u m  of  t h e  c o l u m n s  o f  A is  a m u l t i p l e  o f  u, = 28u s a y .  T h e r e f o r e  we  c a n  w r i t e  

A : O-a I 0 0+a I , 0 < 181 < a i • 

8+a 2 O -a 2 0 

Then detA = 20(82+D), where p = a0a I + ala 2 + a2a 0 > 0. Therefore detA ~< as 8 ~ 0. 

We now construct a Lyapunov function V for ~0 A in ~ as follows. For i = 0, 1,2 

let b. = b, where b = (~a)-I. Then b. > 0 and ~b. = I. Given x E ~, let 
1 a .  . I I 

I I 

V = PQ, where  P = [~x . -b i ,  Q = ~ b . x . .  
I I 1 

Pb.Q 
~V i 

T h e n  V i = - -  = PQi + Pi Q = Pbi By L a g r a n g e ' s  m e t h o d  V h a s  a s t a t i o n a r y  po in t  
~x i x i 

a t  x provided V - /(~,xi-1) is  s ta t ionary .  " V i - X = 0 

• Pb.x. - Pb.Q - Xx. = 0. 
1 I 1 1 

Summing over  i, k = 0. " x i = Q. " x = e. Therefore  e is  the only s ta t ionary  point 

of V in /~, and i s  a minimum because V - ~ as x -, ~A. 

= ~Vix i = ~,Pbi(1-~)xi[(Ax)i~. - x.A_x] 

1 

P~bi(xi-Q)[(Ax)i - xAx] 

P [ ~ b i x i ( A x ) i  - Q b A x ]  , s i n c e  t he  o t h e r  two t e r m s  c a n c e l •  

Now b0x0(Ax)0 = b0x0[(O+a0)x I + (@-a0)x2] 

= 8b0(X0Xl+X0X2 ) + b(X0Xl-X0X 2) 

= 8~ (b.+b.)x.x.. ' " ~ b i x i ( A x ) i  i<j i ] 1 J 

b0(Ax)0 = b0[(0+a0)x I + (O-a0)x2] 

= Ob0(Xl+X2 ) + b(Xl-X 2) 

' hAx = @l~jbixj = O~3(l-bj)x , since ~b. = 1 
j j i 

• QbAx = 8~bixiT,(l-bj)x j = O[~b.(l-b.)x? + ~ b.(l-bj)xixj] 
i i i I i~j  * 

2 
= e E [b.b.(x.+x.~ + i<j I J i J (bi+bj-2bibj)xixj ] 

= 0 ~, [b.b.(x.-x.) 2 + (bi+bj)xixj] • 
i<j i J i J 

2 
• ~ = - S P ~ b . b .  " i<j I ](xi-xj)  
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If x E ~ - e t hen  x. ~ x .  f o r  s o m e  i ~ j, and  so  

1 ½ ~  0 a s  8 ~ 0 ,  h e n c e  a s  det_A ~ 0. 

If  det.A > 0 a l l  o r b i t s  in /~ - e f low t o w a r d s  t he  m i n i m u m  e of  V, w h i c h  is  t h e r e f o r e  an  

a t t r a c t o r  wi th  b a s i n  /~. S i m i l a r l y  i f  de tA < 0 then  e is  a r e p e l l o r  wi th  b a s i n  ~.  If 

de tA  = 0 then  V = 0 and the  o r b i t s  o f  ~PA in ~ - e a r e  the  l eve l  c u r v e s  of  V, w h i c h  a r e  

a l l  s i m p l e  c l o s e d  c u r v e s  s u r r o u n d i n g  e .  We h a v e  e s t a b l i s h e d  t h e  p h a s e  p o r t r a i t s .  G iven  

two c e n t r a l  m a t r i c e s  A, B w h o s e  d e t e r m i n a n t s  h a v e  the  s a m e  s i g n  we  n e e d  to s h o w  they  

a r e  equ iva l en t ,  and in o r d e r  to c o n s t r u c t  t he  r e q u i r e d  h o m e o m o r p h i s m  the  fo l lowing  l e m m a  

i s  c o n v e n i e n t .  

L e m m a  9. T h e  o r b i t s  in ~ - e c r o s s  the  r a y s  t h r o u g h  e t r a n s v e r s a l l y ,  go ing  

c l o c k w i s e  a r o u n d  e .  

P r o o f .  ~ ( x - e )  = m u l t i p l e  of  u, = ½8u s a y .  We n e e d  to show tha t  ~ > 0 on /~ - e .  

T h r o u g h o u t  t h i s  p r o o f  l e t  I; deno te  t he  s u m  of  the  t h r e e  t e r m s  ob t a i ned  by p e r m u t i n g  the  

s u f f i c e s  012 c y c l i c a l l y .  Add ing  the  c o m p o n e n t s  of  ~ ^ ( x - e )  g i v e s  

8 = L 'x0 (x l -x  2) = ~x0(Ax)0(Xl  -x2) .  

When  e = o, (Ax) 0 = a 0 ( x l - x 2 ) ,  and so  

6 ~a0x0(x  I -x2)2 = > 0, s i n c e  x. ~ 0, s o m e  x. ~ x . .  
l 1 j 

When  0 > 0, (Ax) 0 = (ao-0) (Xl-X2)  + 28Xl,  and so  

6 = ~ ( a 0 - 8 ) x 0 ( x l - x 2  )2 + 28a,  w h e r e  a = ~X0Xl(Xl-X 2) • 

S ince  ]8[ < a i t he  f i r s t  t e r m  > 0, and so  i t  s u f f i c e s  to show a > 0 in 5. L e t  /~ = ~ x 0 ( x 0 - x l ) .  

Now ~ , ~ >  0 on 5A, b e c a u s e  i f  x = ( s , l - s , 0 ) ,  0 < s < 1, o r  c y c l i c a l l y  f o r  the  o t h e r  s i d e s ,  

t hen  a x  = s ( 1 - s )  2 > 0, ~x  = 3 s 2 - 3 s + l  > 0 . 

T h e r e f o r e  i f  x t = tx + (1 - t ) e ,  x E ~A, 0 ~ t < 1, 

rv(x t) = t 3 a x  + ½t2(1- t )~x > 0 . 

F i n a l l y  t he  c a s e  ~} < 0 i s  ob t a ined  by  r e v e r s i n g  the  f low and p e r m u t i n g  01. 

R e t u r n i n g  to t he  p r o o f  of  T h e o r e m  6, we  can  c o n s t r u c t  a r a d i a l  h o m e o m o r p h i s m  

of  A k e e p i n g  e and 3A f ixed ,  and t h r o w i n g  ~PA-orbits  to ~PB-orbits by  the  s t a n d a r d  t e chn ique  

of  s t r u c t u r a l  s t a b i l i t y  [ 1 0 ]  of  u s ing  the  two Po inca r~  r e t u r n  m a p s  on one  p a r t i c u l a r  r ay ,  

and  e x t e n d i n g  o r b i t w i s e  to the  o t h e r  r a y s .  Hence  A ~ B. 

F i n a l l y  C O is  a s u b m a n i f o l d  of  c o d i m e n s i o n  1 s e p a r a t i n g  C+ n e c a u s e  we  can  

p a r a m e t r i s e  any  m a t r i x  in C by the  p a r a m e t e r s  (e, e, a i) w h e r e  e d e n o t e s  i t s  f ixed  poin t  and 

0, a i d e n o t e  t he  p a r a m e t e r s  of  i t s  c e n t r a l i s a t i o n  . T h i s  c o m p l e t e s  the  p r o o f  of  T h e o r e m  6. 

R e m a r k .  If we  a l low the  p a r a m e t e r s  a. to be  n e g a t i v e ,  then  we c a n  u s e  the  s a m e  
1 

Lyap tmov  func t ion  V to d e t e r m i n e  the  p h a s e  p o r t r a i t s  o f  the  f o u r  o t h e r  s t a b l e  c l a s s e s  in 
F i g u r e  11 wi th  an  a t t r a c t o r  (o r  r e p e l l o r )  in ~ p r o v i d e d  p > 0. H o w e v e r ,  i f  p < 0 then  V 
i s  no good b e c a u s e  i t s  s t a t i o n a r y  po in t  b e c o m e s  a s a d d l e  r a t h e r  than a m a x i m u m  o r  
m i n i m u m ,  and so  wha t  i s  n e e d e d  to c o m p l e t e  t he  p r o o f  of  C o n j e c t u r e  3 is  to f ind a n o t h e r  
Lyapunov  func t ion  to c o v e r  the  c a s e  p < 0. On the  o t h e r  hand  we sha l l  show tha t  Hopf  

b i f u r c a t i o n s  c a n  only  o c c u r  when  p > 0, and so  we  can  a t  l e a s t  c l a s s i f y  t h o s e .  
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S u p p o s e  A h a s  a n  i s o l a t e d  f ixed  po in t  e E &, and  c e n t r a l i s a t i o n  (o 
X = 3AE = 8 - a  1 

~,0+a 2 
W e  ca l l  0, a i t he  c e n t r a l  p a r a m e t e r s  of  A.  

L e m m a  10.  T h e  e i g e n v a l u e s  of  ¢PA a t  e a r e  ½(-0 + ~/=P). 

on ly  on t h e  c e n t r a l  p a r a m e t e r s  and  no t  on  e .  

P roo f .  L e t  x = e+y.  T h e n  y u =  0 and  so  yAe  = 0. 

• ~i = ( e i + Y i ) [ ( ~ f f i  + (AY)i - . ¢ ,A~-  eAy - ~  - yAy]  

= e i [ (A y )  i - eAy]  + h i g h e r  o r d e r  t e r m s  in  y.  

T h e r e f o r e  the  l i n e a r i s a t i o n  e t e  i s  

= EAy - e (eAy)  = ( E - e e ) A y .  

T h e  e i g e n v a l u e s  a r e  t he  s a m e  a s  t h o s e  of  the  m a t r i x  

M = A ( E - e e )  = A E  - (Ae)e  = AE - (~Su)e ,  s i n c e  Ae = AEu  = 2 8 u ,  

-2Oe O+ao-2ee  I O - a o - 2 e e  2 )  

= ½ ~ O-a t  -28e  0 - 2 e e  1 8+a t - 2 8 e  2 

\ 8+a2-2  Oe 0 O-a 2 -28e  1 -28e  2 

Now d e t M  = 0 b e c a u s e  ( E - e e ) u  = 0.  T h e r e f o r e  the  e i g e n v a l u e s  a r e  g i v e n  by  X3-2aX2+~SX = O, 

w h e r e  

O+a 0 8 - a 0 ~  

0 8+a I ] , 6, a t E 

o / 0 - a  2 

A s  b e f o r e  l e t  p = a 0 a l + a l a 2 + a 2 a 0  • 

T h e r e f o r e  t hey  d e p e n d  

C a s e  (1) i s  c o v e r e d  by  T h e o r e m  6. 

n e c e s s a r y ,  we c a n  a s s u m e  

a 0, a t > 0, a 2 < 0 .  

20 0 
2c~ = t r a c e  M = - - -~  . , ' , ~  = --~ . 

t r a c e ( a d j M )  = l ~ [ _ ( e + a 0 ) ( 0 _ a l  ) + 2ee0(8+a0)  + 2 O e t ( 0 _ a l )  ] 

= 1 (82+o)  . 

T h e  e i g e n s p a c e  c o r r e s p o n d i n g  to X = 0 i s  t r a n s v e r s e  to &, and  so  t he  e i g e n v a l u e s  f o r  @A 

a r e  k = (x + ~ = ~ - e  + ~/-p) .  

T h e o r e m  7. W h e n  n = 2 a l l  Hopf b i f u r c a t i o n s  a r e  d e g e n e r a t e .  

P roo f .  F o r  a Hopf  b i f u r c a t i o n  to o c c u r  a t  a m a t r i x  A 0, i t  i s  n e c e s s a r y  f o r  i t  to h a v e  a n  

i s o l a t e d  f ixed  po in t  e E ~ w i th  p u r e  i m a g i n a r y  e i g e n v a l u e s .  T h e r e f o r e  if  /9, a i d e n o t e  the  

c e n t r a l  p a r a m e t e r s  of A 0 t h e n  8 = 0 and  p > 0 by L e m m a  10. Up to e q u i v a l e n c e  i t  s u f f i c e s  

to  a s s u m e  A 0 c e n t r a l ,  by  L e m m a  8, s i n c e  t h i s  d o e s  no t  a f f e c t  t he  e i g e n v a l u e s ,  by  L e m m a  

10. T h e r e  a r e  t h r e e  c a s e s  : -  

(1) Al l  a.  n o n - z e r o  a n d  t h e  s a m e  s ign .  
1 

(2) Al l  a.  n o n - z e r o ,  bu t  no t  a l l  t h e  s a m e  s ign .  
1 

(3) S o m e  a.  = 0.  
1 

In c a s e  (2), by  p e r m u t i n g  and  r e v e r s i n g  s i g n  if  
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P r o o f .  

a o a l a 2  
A s  b e f o r e  l e t  b (~_.)-11 

b 
= - ~  b. = D . T h e n  ~ b  i = 1 a n d  b 2 > 0, bu t  b , b  0 , b  1 < 0. 

i p ' l a i 

We  u s e  t h e  s a m e  L y a p u n o v  f u n c t i o n  V a s  in T h e o r e m  6, and  a g a i n  t he  on ly  s t a t i o n a r y  

po in t  o f  V in ~ i s  t he  b a r y c e n t r e  e .  H o w e v e r ,  t h i s  t i m e  V = 0 on t h e  e d g e s  X0X 2, X1X 2 

a n d  on t he  l i ne  Q = 0, w h i c h  m e e t s  t h o s e  e d g e s  in  p o i n t s  

Y = , 0 , a 0 _ a 2  ~ Z = T 0 , ~ , ~  
a l - a  2 a l - a  2 

A l s o  V -" - =  a s  x -~ i n t e r i o r  ( edge  XoX1) .  T h e  l e v e l  c u r v e s  of  V a r e  i l l u s t r a t e d  in t h e  

m i d d l e  p i c t u r e  o f  F i g u r e  13 be l ow .  T h e  c o n d i t i o n  p > 0 i m p l i e s  t h a t  e l i e s  i n s i d e  t he  

t r i a n g l e  X2YZ,  in  w h i c h  V > 0, and  s o  e i s  a m a x i m u m ,  and  t he  l e v e l  c u r v e s  i n s i d e  t h e  

t r i a n g l e  a r e  s i m p l e  c l o s e d  c u r v e s  s u r r o u n d i n g  e .  M e a n w h i l e  i n s i d e  t h e  c o m p l e m e n t a r y  

t r a p e z i u m  V < 0 and  t he  l eve l  c u r v e s  a r e  a r c s  j o i n i n g  X 0, X 1.  A s  b e f o r e  ~z = 0 in /~ 

b e c a u s e  0 = 0.  T h e r e f o r e  t he  o r b i t s  of  CA a r e  t he  l eve l  c u r v e s  o f  V, w i th  a f o c u s  a t  e, 
0 

a n  a t t r a c t o r  a t  X 0, a r e p e l l o r  a t  X 1, s a d d l e s  a t  X 2, Y, Z,  and  a s a d d l e - c o n n e c t i o n  ZY,  a s  

s h o w n  in  F i g u r e  13.  

Now c o n s i d e r  a p e r t u r b a t i o n  A of  A 0. W e  c a n  a s s u m e  A h a s  a n  i s o l a t e d  f ixed  

po in t  in ~, s i n c e  t h i s  i s  a r o b u s t  p r o p e r t y  by  T h e o r e m  4, a n d  s o  up to e q u i v a l e n c e  we  c a n  

c e n t r a l i s e  A.  T h e r e f o r e  w e  c a n  w r i t e  A in t h e  s a m e  f o r m  a s  in t he  p r o o f  o f  T h e o r e m  6, 

w i t h  f i xed  po in t  a t  t he  b a r y c e n t r e  e,  and  c e n t r a l  p a r a m e t e r s  0, a i s a t i s f y i n g  

a0 ,  a l  > 0, a 2 < 0 ,  10t < ]a2l, 0 > 0 .  
A s  b e f o r e  

~z = - 0 P ~ ,  b . b . ( x . - x . )  2 = K~ s a y ,  w h e r e  
i < j l J  1 ] 

K = - 6Pb2 ~ 0 a s  g ~  0, s i n c e  a 2 < 0, and  
a0a  l a 2  

-- c y c l i c  s u m  ~ a i ( x j - x k ) 2  . 

L e m m a  11. ~ > 0 on  A - e . 

N o t i c e  t h a t  t h e  s u m  o f  a n y  p a i r  o f  a. ' s  i s  p o s i t i v e ,  f o r  : 
l 

a0+a  1 > 0 , s i n c e  a0 ,  a 1 > 0 

a 0 ( a l + a  2) > - a l a  2 , s i n c e  9 > 0 

> 0 , s i n c e  a I > 0 > a 2 

.'. a l + a  2 > 0 , s i n c e  a 0 > 0 . 

a0+a  2 > 0 , s i m i l a r l y .  

I t  s u f f i c e s  to p r o v e  t h e  l e m m a  f o r  x E ~A, b e c a u s e  i f  x 
t 

Vt, 0 < t g 1. If x = ( s , l - s , 0 )  t h e n  

2 
= t x + ( 1 - t ) e  t h e n  ¢(xt) = t ¢x > 0, 
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¢x = a 0 ( l - s )  2 + a . s  2 + a 2 ( 2 s - l )  2 

(a0+a1-~a2)s  ~ - 2(a0+2a2)s + (a0+a 2) 

> O, VS, s ince  

a 0 + a 2 > 0, and (ao+al+4a2)(a0+a2) - (a0+2a2)2 = p > 0. T h e r e f o r e  ~ > 0 on X0X I ,  and 

s i m i l a r l y  on the o t h e r  edges .  This  comple t e s  the p roof  of L e m m a  I I .  

Continuing with the proof of Theorem 7 we have shown ~ I>< 0 as 8 ~ 0 on A - e. 

Therefore if e > 0 then ~0 A has an attractor at e. It also has another attractor at X0, 

a repellor at XI, and saddles at X 2, Y@, Z e, where 

= - a 2 - e  1 
Y@ (- a o - ~  0 , E YX 0 

~ao -a2 -2  0 ' a o - a 2 - 2 e ]  

0 al+e -a2+e 
Z e = , a l_a2+2  e , a1_'_'_~2+28] E ZX 2 

x0 

Figure 13. 

X0 1 

T h e r e f o r e ,  s i nce  ~r > 0, the inse t  ~ of Y0 m u s t  come  f r o m  the r e p e l l o r  X 1, and the ou t se t  

of Z e m u s t  go to the a t t r a c t o r  e. Since V > 0 t h e r e  a r e  no c losed  cyc les  in ~ - e, and 

so a l l  o r b i t s  in ~ - e mus t  come  f r o m X  1, and, except  for  7, m u s t  go to X 0 o r  e.  

T h e r e f o r e  ~? s e p a r a t e s  the  bas ins  of a t t r a c t i o n  of X 0 and e, and the  p h a s e  p o r t r a i t  is  as  

in F i g u r e  13. The n u m e r i c a l  Example  1 in Sect ion 1 above  was obta ined  by put t ing  

a 0 = 5 ,  a I = 4 ,  a 2 = - 2 ,  e = I .  

If  e < o then the  r e v e r s e  s i tua t ion  occu r s ,  wi th  X 0 the  only a t t r a c t o r ,  e a r epe l l o r ,  

and the  ou t se t  ~ of Z e s e p a r a t i n g  the  b a s i n s  of r epu l s ion  of  e and X 1 . 

L e t  J denote  the  open subse t  of the  s ign c l a s s  0 c o n s i s t i n g  of m a t r i c e s  hav ing  
- + 

an i so la ted  fixed point  in ~, and c e n t r a l  p a r a m e t e r s  @,a i such  tha t  a l , a  2 > 0, a 2 < 0, 

10] < la2 l, 0 > 0. We have  shown tha t  the s ubs e t s  J+,J0,J_ of J g iven  by @ ~ 0 have  phase  

p o r t r a i t s  a s  in  F i g u r e  13. Given two m a t r i c e s  in  the  s a m e  s u b s e t  we show equ iva lence  by 

c o n s t r u c t i n g  a h o m e o m o r p h i s m  of a th rowing  o r b i t s  to o rb i t s ,  as  fol lows.  When O # 0 
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the  flows a r e  g r ad i en t - l i ke ,  so the  cons t r uc t i on  uses  the  s t a n d a r d  techniques  of s t r u c t u r a l  

s t ab i l i ty  [9 ] ,  mapping  fixed points  to fixed points ,  and extending induct ive ly  to t ubu la r  

ne ighbourhoods  of t h e i r  i n se t s ,  s t a r t i n g  with r e p e l l o r s  and f in i sh ing  with a t t r a c t o r s .  When 

0 = 0 aga in  map  fixed points  to fixed points  and extend p i ecewise  l i n e a r l y  to bh U YZ; then 

map the ins ide  of the t r i ang l e  r ad i a l ly  f r o m  e so as  to p r e s e r v e  o rb i t s ,  and use  the 

s t r u c t u r a l  s t ab i l i ty  technique  ins ide  the t r a p e z i u m .  

T h e r e f o r e  J+, J0 a r e  the i n t e r s e c t i o n s  of J with 3 equ iva lence  c l a s s e s .  Since J+ a r e  

open, they a r e  conta ined  in s t ab l e  c l a s s e s ;  J+ is conta ined  in c l a s s  71 of F i g u r e  11, a n d  

J in the  r e v e r s a l .  However  they a r e  not  connec ted  componen ts  of the s t ab l e  c l a s s e s ,  

b e c a u s e  the  l a t t e r  a l so  conta in  m a t r i c e s  for  which P ~ 0. On the  o the r  hand J0 is a 

connec ted  componen t  of i t s  equiva lence  c l a s s  becaus e  by L e m m a  9 a focus impl i e s  p > 0; 

the o t h e r  5 componen t s  a r e  obta ined by the  ac t ion  on the  t r i a n g l e  of the s y m m e t r y  group of 

o r d e r  6. Now J is a ne ighbourhood of J0'  and J0 is a submani fo ld  of cod imens ion  1 

s e p a r a t i n g  J+. T h e r e f o r e  to obta in  a Hopf b i fu rca t ion  we m u s t  take  a path in J c r o s s i n g  J0 

t r a n s v e r s a l l y  f r o m  J+ to J_. As th is  pa th  c r o s s e s  J0 t h e r e  o c c u r  s imu l t aneous ly  the  

d e g e n e r a t e  Hopf b i fu rca t ion  at  e and the c r o s s i n g  of the  s add le - connec t ion  ZY. The l a t t e r  

is  r e a l l y  p a r t  of the  f o r m e r ,  and that  expla ins  why the s imu l t ane i ty  can be  a 

cod imens ion  1 phenomenon .  

T h e r e  r e m a i n s  c a s e  (3), whe re  the  m a t r i x  A 0 has  one of i t s  c e n t r a l  p a r a m e t e r s  

a i = 0. S ince  P > 0 the o t h e r  two a ' s  m u s t  be n o n - z e r o  and the s a m e  sign,  and so  

without  los s  of gene ra l i t y  suppose  a 0 , a  1 > 0, a 2 = 0, 0 = 0. 

A of A 0 g iven  by put t ing a 2 = 20 it 0. 

0 0+a 0 

A = O-a I 0 

\ 3 0  -0 

Cons ide r  the p e r t u r b a t i o n  

0-a 0 ) 
~+'a I ~ [0l < ao, a I. 

0 

When 0 > 0 the  phase  p o r t r a i t  of ~A is  as  in c a s e  (1), the  l e f t -hand  p i c t u r e  in F i g u r e  12, 

and when 0 < 0 i t  is  as  in ca se  (2), the  r i g h t - h a n d  p i c tu r e  in F i g u r e  13. T h e r e f o r e  t h e r e  

a r e  no s m a l l  cyc les  when 0 i t 0, and so by the Hopf b i fu rca t ion  t h e o r e m  [5 ]  t h e r e  is  a 

1 - p a r a m e t e r  fami ly  of cyc les  s u r r o u n d i n g  e in the p h a s e  p o r t r a i t  of ~O A . T h e r e f o r e  any  
0 path  th rough  A 0 t r a n s v e r s e  to 0 = 0 induces  a d e g e n e r a t e  Hopf b i fu rca t ion .  Th i s  comple t e s  

the  p roo f  of T h e o r e m  7. 
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